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Abstract 

We prove that the L^-Betti numbers of a unimodular locally compact group G coincide, 
CO ■ up to a natural scaling constant, with the i^-Betti numbers of the countable equivalence 

I relation induced on a cross section of any essentially free ergodic probability measure pre- 

. serving action of G. As a consequence, we obtain that the reduced and un-reduced i^-Betti 

numbers of G agree and that the L^-Betti numbers of a lattice F in G equal those of G up 
. to scaling by the covolume of F in G. We also deduce several vanishing results, including 

' the vanishing of the reduced L^-cohomology for amenable locally compact groups. 

CN ■ 1. Introduction 



o 



The theory of L^-Betti numbers, as weh as related notions of L^-invariants, provides a set of 
powerful invariants in geometry, topology and group theory, which are computable in many 
interesting cases. In |At76j . Atiyah introduced L^-Betti numbers for free cocompact group 
actions on manifolds. This was generalized by Connes [Co79j to a set of invariants of measured 



^ - foliations. For arbitrary countable groups T, the L^-Betti numbers /3^-j(r),n G N, were defined 

by Cheeger and Gromov in |CG85j . 

Gaboriau, in |Ga01| . defined the L^-Betti numbers (7^) of an arbitrary countable probability 
^> . measure preserving (pmp) equivalence relation. As a consequence, the L^-Betti numbers of a 

I measured foliation with contractible leaves only depend on the associated equivalence relation. 

■ Furthermore, Gaboriau proves that I3jt^-^{T) = /3"2^(7^r) for every countable group F with an 

^ ■ essentially free ergodic pmp action F r> {X, fi) and orbit equivalence relation TZr ■ So L^-Betti 

CN . numbers are invariant under orbit equivalence and, as also shown in [GaOl] . scale under measure 

I equivalence of groups by the compression constant of the measure equivalence. 

L^-Betti numbers have been generalized further to a variety of different settings, see |Sa03[ 
ICS04[ [Ky06| , and we refer to |Lu02j for an extensive monograph on the subject. 

^ . In all cases, L^-Betti numbers are defined as the Murray-von Neumann dimension of certain 

I (co) homology modules with coefficients in the group von Neumann algebra LF, or the von 

Neumann algebra LTZ of a countable probability measure preserving (pmp) equivalence relation. 
By the work of Liick |Lu97j . one can define the dimension of an arbitrary (purely algebraic) 
module over a tracial von Neumann algebra (M, r) and this provides a reinterpretation of the 
L^-Betti numbers of a countable group F by means of the formula 
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Luck's dimension theory was extended to von Neumann algebras equipped with semifinite traces 
in |PelH Appendix B] (see also Appendix |A] in this article for details on dimension theory). 
Hence L^-Betti numbers of unimodular locally compact second countable (Icsc) groups could 
be defined in |PelH Section 3.1] by the formula 

Pl){G) = diiT,LGH^{G,L\G)) . 

This definition was motivated in part by the following two well-known facts for discrete groups. 

1. If A ^ r is an inclusion of countable groups with finite index [F : A] then the L^- 
Betti numbers scale according to the formula /3"2)(r) = [r : A]~^/3"2)(A). Cf. |CG851 
Proposition 2.6]. 

2. If r and A are lattices in a common second countable, locally compact topological group 
G then the L^-Betti numbers of A and T are proportional; more precisely, one has 

for all n ^ 0. This is a special case of Gaboriau's theorem about measure equivalence 
invariance of L^-Betti numbers [GaOlj Theoreme 6.3]. 

With these observations in mind, if G is a unimodular Icsc group and H ^ G '\s a, closed 
unimodular subgroup of finite covolume, it is a very natural question whether 

In |PelH Theorems 4.8 and 5.9], such a result was proved for cocompact lattices and also in 
the case when G is totally disconnected. One of our main results is to prove (jl.ip in its full 
generality. 

Our method is based on an observation, following [Fo74j . that in a measurable sense every 
unimodular Icsc group G admits a cocompact lattice. More precisely, for every essentially free 
ergodic pmp action G r\ (X, /i) , there exists a cocompact cross section Y d X (see Sections 11.21 
and 14.11 for terminology) . This implies that the restriction of the orbit equivalence relation of 
G r\ X ioY \s a, countable pmp equivalence relation TZ and that there exists a compact subset 
K C G such that K -Y is conegligible in X. Our main theorem says that the L^-Betti numbers 
'^(2) (^) ^ proportional to the L^-Betti numbers P^^) (^) of the equivalence relation TZ, in 
the sense of Gaboriau |Ga01j . The proportion between the two is given by a natural constant 
that we call the covolume of Y. 

We can then reduce several questions about L^-Betti numbers of G to known results for L^- 
Betti numbers of countable pmp equivalence relations. In this way, we prove that the reduced 
and unreduced L^-Betti numbers of G coincide and we establish several vanishing results. 
This includes the vanishing of all L^-Betti numbers and of the reduced cohomology groups 
H"(G, L'^(G)) whenever G admits a noncompact amenable closed normal subgroup, in par- 
ticular when G is noncompact and amenable. This extends a well-known result of Cheeger- 
Gromov |GG85j for countable groups. For connected amenable groups the vanishing of reduced 
L^-cohomology in degree one was proved essentially by Delorme in [De77j (see also |Ma04| ) . In 
contrast to the proof of Delorme, our more general result follows directly from the vanishing 
of L^-Betti numbers for the (unique) amenable ergodic IIi equivalence relation. 



2 



1.1. Notation and standing assumptions 



In what follows, all topological groups are implicitly assumed to be Hausdorff and we will use 
the abbreviation Icsc for 'locally compact second countable'. A nonsingular action of a Icsc 
group G on a standard measure space {X, fi) is an action of G on the set X such that the map 
G X X — > X : ((jr, x) I— 7- (7 • X is Borel and such that fi{g • ^) = whenever ^ C X is a Borel 
set of measure zero. We say that the action is pmp (probability measure preserving) if /x is a 
probability measure and fi{g ■ A) = /u(^) for all g G G and all Borel sets A C X. 

When G r\ (X, /x) is a nonsingular action, one can show that the set of points x £ X having 
a trivial stabilizer is a Borel set (see e.g. [MRVll[ Lemma 10] for a proof of this well known 
result). If this Borel set is conegligible, we say that the action is essentially free. For later use, 
we recall the following. 

Remark 1.1. Every Icsc group G admits an essentially free ergodic (even mixing) pmp action 
G r\ {X,ii). Indeed, it suffices to denote by {Xq,hq) the Gaussian probability space that 
corresponds to the real Hilbert space L|(G). The Gaussian action G r\ (Xo,/io) is pmp and 
faithful. Since the Koopman representation on L^(Xo,/io) CI is a multiple of the regular 
representation of G, the action G r\ {Xq,ij,q) is mixing. The diagonal action of G on the 
infinite direct product {X, ^) = (Xq, /io)^ is then essentially free, mixing and pmp (see |AEG931 
Proposition 1.2] for details). 

1.2. Statement of the main results 

Let G be a Icsc group and G r\ (X, ^) an essentially free pmp action. We call a Borel set 
y C X a cross section oi G r\ (X, /i) if there exists a neighborhood of the identity lA <Z G such 
that the map 9 : U x Y ^ X : {g,y) g ■ y is injective and such that fi{X — G ■ Y) = 0. 

We recall the following classical results and refer to Section [4. II for a more detailed explanation 
and proofs. Every essentially free pmp action admits a cross section. Then 

n:={{y,y')€Y xY\y€G-y'} 

is a countable Borel equivalence relation on Y, which is called the cross section equivalence 
relation. Assume that G is unimodular and fix a Haar measure A on G. Then Y is equipped 
with a unique 7^-invariant probability measure v satisfying 6^:{X x v) = covol Y ■ /^i^^.y , for some 
positive scaling factor covol y. 

Our main result relates the L'^-Betti numbers of G to those of 7Z by means of the following 
theorem. The precise definition for the L^-Betti numbers of G, resp. TZ, is given in Sections [2] 
and[3l 

Theorem A. Let G be a Icsc unimodular group and G r\ (X, /i) an essentially free ergodic pmp 
action. For every cross section Y (Z X with corresponding cross section equivalence relation TZ 
and for every n € N, we have 

If is a closed subgroup of the Icsc unimodular group G, then G/H admits a G-invariant 
measure if and only if H is unimodular (see e.g. |BHV08|. Corollary B.1.7]). In that case, the 
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G-invariant measure on G/H is unique up to scaling and once we have fixed Haar measures \g 
and \hi there is a canonical choice Xq/h satisfying 

^*(Ag/h X \h) = \g (1.2) 

where ^{gH, h) = 9[gH)h and : G/H — > G is any Borel cross section. We denote covol H := 
\g/h{G/H). 

Theorem B. Let G he a lose unimodular group and H < G a closed unimodular subgroup of 
finite covolume. Given fixed Haar measures on G and H , we have 

In particular, if T is a lattice in the Icsc group G, then /3p2)(G) = covol(r)-i/3l^^(r) for all 

For the following result, note that a closed normal subgroup of a Icsc unimodular group is again 
unimodular. 

Theorem C. Let G be a Icsc unimodular group. 

1. If G is compact with Haar measure X, then (S^^^^G) = X{G)~^ and /3^-j(G) = for all 
n ^ 1. 

2. If G is noncompact and amenable, then = for all n ^ 0. 

3. Let G be a Icsc unimodular group and H <] G a closed normal subgroup. If d ^ and 
j3^^^{H) =0 for alio s^ns^ d, then I3]/^^^{G) = for all n d. 

4- Let G be a Icsc unimodular group and H <\G a closed normal subgroup such that G/H is 
noncompact. Ifd^O, ^'^^-^{H) = Q for all Q ^ n ^ d and P'l^^^iH) < oo, then P'(j^^{G) = 
for all ^ n ^ d + 1. 

In Proposition 14.61 we will show that f3^^-^{G) < oo whenever G is compactly generated, in 
particular when G is connected. We therefore obtain the following corollary. 

Corollary D. Let G be a Icsc unimodular group. If G admits a closed normal subgroup H 
such that H is compactly generated and such that both H and G/H are noncompact, then 
/3f2)(G) = 0. 

The following corollary, which follows directly from Theorem iBl and Theorem ICl gives an alter- 
native approach to the vanishing of L^-Betti numbers in |BFS121 Remark 1.9]. 

Corollary E. Let G be a Icsc unimodular group. If G admits a noncompact, amenable, closed, 
normal subgroup then /3^^(G) = for all n ^ 0, whence in particular the L^-Betti numbers 
vanish for any lattice in G. 

Notice that bv l2.10l below. the vanishing of the n-th L^-Betti number j3'^^'^{G) is equivalent with 
the vanishing of the n-th reduced cohomology group H^(G, L'^(G)). So the vanishing results 
ODIIEI can also be viewed as vanishing results for reduced cohomology groups. 

Finally note that a combination of Corollary |E] with the structure theory of Icsc groups and the 

Kiinneth formula allows in principle to reduce all computations of L^-Betti numbers 

to computations where G is totally disconnected. We refer to [Pel 11 Chapter 7] for details. 
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2. Cohomology and Z^-Betti numbers of locally compact groups 

In this section we fix the definitions of cohomology and L^-Betti numbers that we will use for 
locally compact groups. 

2.1. i^-Betti numbers of locally compact unimodular groups 

Let G be a Icsc group, P an algebra and % a Prechet space. Denote by S{T-L) the set of 
continuous seminorms on %. 

• We call T-L a left Frechet G-module if % is equipped with a left action of G by linear maps 
such that G X H ^ H : {g, ^ g ■ ^ is continuous. 

• We call H a right Frechet P-module if H is a right P-module and if for every a & P, the 
map T-L H : ^ $, • a is continuous. 

• We call Ti a Frechet G-P-bimodule if Ti is both a left Prechet G-module and a right 

Frechet P-module and if the two actions commute. 

• If X is a Icsc space, then the vector space C{X, %) of continuous functions from X iol-L 
is again a Frechet space, using the seminorms 

^ supp(^(x)) for all K d X compact , p G S{H) . 

If ^ is a right Frechet P-module, then G(X, l-L) naturally is a right Frechet P-module. 

By a complex of Frechet spaces we mean a sequence C : Hq Tii — 7^2 • • • such 
that each TLn is a Frechet space and the maps d„: T-tn ^n+i sue continuous and satisfy 
dn+i o cln = for all n ^ 0. 

For n ^ the n'th cohomology of C, respectively the n'th reduced cohomology of C, are defined 
as 



i?°(C) :=Ker do and i/"(C) 

H^{C):=KeTdo and ^"(C) 

If the Hn are Frechet P-modules and the maps d„ are P-linear, we call C a complex of Frechet 
P -modules. Then, H"{C) and IF^{C) are P-modules, with the latter being a Prechet P-module. 
When the are Prechet G-P-bimodules and the maps d„ are G- P-linear, we call C a complex 
of Frechet G-P-bimodules. 

Definition 2.1. Let G be a Icsc group, P an algebra and T-L a Frechet G-P-bimodule. Then 
H'^{G,'H), is defined as the n-th cohomology group of the complex of Prechet P-modules 

n^C{G,n) ^C{G^,H) (2.1) 
where the coboundary maps d„ are defined by 

{dn0{90,---,9n) = go-^{9l,---,9n) - ?(505l,52,- • ■ , 9n) -\ 

• • • + (-l)"e(50, • • • , 5n-2, 9n-ign) + (-1)"+'C(50, • • • , 5n-l) • (2.2) 



— ^ for all n ^ 1 , respectively 
Im dn-i 

Kei dn 

— — for all n^l . 

cl[lmdn-i) 
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Note that H^{G,l-i) naturally is a right P-module. 

Further, H"'(G, H) is defined as the n-th reduced cohomology group of the complex ()2.ip of 
Frechet P-modules. Also H^{G, H) is a right P-module. 

Following |Pell] . we now define the L'^-Betti numbers, /3^^(G), of a Icsc unimodular group G 
as the Murray-von Neumann dimension of the cohomology groups (G , L'^ (G)) . Recall that 
the group von Neumann algebra LG of a Icsc group G is defined as the von Neumann algebra 
generated by the left regular representation of G on Lp'iG). If G is unimodular with a fixed 
Haar measure A, the von Neumann algebra LG is equipped with a natural semifinite trace. It 
is the unique normal semifinite faithful trace Tr on LG satisfying 

TT(^jj{g)ugdg)= f{e) 

for every continuous compactly supported function / : G — ?> C. Note that L'^{G) naturally is 
an LG-LG-bimodule, using the left and the right regular representations. 

Whenever (A^, Tr) is a von Neumann algebra equipped with a normal semifinite faithful trace, 
one can define the dimension dim^r?^ of an arbitrary A^- module T-i, see Definition IA.14I in 
Appendix [A] on dimension theory. 

Definition 2.2. Let G be a Icsc unimodular group. We define for all n ^ 0, 

/3P2)(G) := diTaLGH^{G,L\G)) and ■= diuiLc {G , L\G)) . 

When G is discrete this definition agrees with the standard definitions, see e.g. |PT071 Section 
2]. 

The main purpose of this article is to prove that, up to a natural rescaling, the L-^-Betti numbers 
^^2) equal to the L^-Betti numbers of the cross section equivalence relation associated 

with an arbitrary free ergodic pmp action of G (see Theorem . As a byproduct, we get that 
/3^2) (G) = /3"2^ (G) for all Icsc unimodular groups G. This equality was already shown in |PelH 
Theorem 5.6] whenever G is totally disconnected or admits a cocompact lattice. 

2.2. Basic cohomology theory for locally compact groups 

To identify H^{G, L'^{G)) with a cohomology theory of the associated cross section equivalence 
relations, we need some basic tools from homological algebra. The cohomology theory for locally 
compact groups defined by continuous cochains was first considered by Mostow in [MoGlJ. 
Standard references are the monographs |BW801 [Gu80] . For the convenience of the reader, we 
list the needed properties in the rest of this section. 

Definition 2.3. Let G be a Icsc group and P an algebra. 

1. A complex of right Frechet P-modules Hq Tii 7^2 ••• is called exact if 
Kei dn = Imd„_i for all n ^ 1. It is called strongly exact if there exist continuous 
P-linear maps 5„ : Tin Tin-i, for all n ^ 1, such that 

Sn+i odn + dn-1 o Sn = id-H„ for all n ^ 1 . 
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2. A Frechet G-P-bimodule Ti is called strongly acyclic if the complex of P- modules 

^ ^ n ^ c{G,n) ^ c{G^,n) ^ ■ ■ ■ 

is strongly exact. Here 'H'^ denotes the Frechet P-submodule of Ti that consists of the 
G-fixed points in T-L, and the coboundary maps dn, n ^ 0, are the ones given in (|2.2|) . 

The following proposition is standard (cf. |B1771 Proposition 2.9]) and we leave the proof as an 
exercise. 

Proposition 2.4. Let G be a Icsc group, P an algebra and H a Frechet G-P-bimodule. Assume 
that 

o^n^no^-Hi^--- (2.3) 

is a complex of Frechet G-P-bimodules that is strongly exact as a complex of Frechet P -modules. 
Assume that for all n ^ 0, the Frechet G-P-bimodule Hn is strongly acyclic. Let C be the 
complex of Frechet P -modules given by 

njG do di d2 

Hq — Hi — y n.2 — > ■ ■ ■ . 

Then there are natural P-linear isomorphisms 

H'^G^'H) ^ H'\C) and ir\G,n) = ir\C) for all n ^ . 

We will apply Proposition 12.41 to G-P-bimodules Tin of the form Tin = Lf^^{G, ICn). So we first 
recall some Frechet-valued integration theory. 

Let {Z, rf) be a standard Borel space equipped with a cj-finite measure. Let 7^ be a Frechet 
space. Denote by S{T-L) the set of continuous seminorms on T-L. For every 1 ^ p < +oo, we 
denote by LP{Z,7i) the space of functions f : Z ^ T-L that are strongly Borel (in the sense 
that inverse images of open sets are Borel sets) and that have the property that ^ o / € LP(Z) 
for every q € S{T-L), where we implicitly identify functions that are equal a.e. The family of 
seminorms / i-^ q £ S{T-L), turns LP{Z,'H) into a Frechet space. All / G L^{Z,'H) have 

an integral f drj in T-L and the map / i-^ f ^ f dr] is a continuous linear map from L^{Z,T-L) 

to n. 

In order to define locally square integrable functions, assume that the standard cj-finite measure 
space {Z, rj) comes with an increasing sequence of Borel sets Z„ C Z such that |J„ Z„ has 
complement of measure zero. We define L-^^^{Z,'H) as the space of strongly Borel functions 
f : Z ^ Ti such that f^Zn belongs to L'P{Zn,T-l) for every n. Using the seminorms / i->- 
IKq* ° /)|z„ llpi for all Q S S{T-l) and all n, we turn Ly^^{Z,'H) into a Frechet space. Observe that 
if P is an algebra and T-L is a right Frechet P- module, then also L^^^(Z,T-L) is a right Frechet 
P-module. 

Note that Lf^^{Z,T-L) only depends on the choice of the sequence (Zn) up to cofinality: if (Z^) 
is another increasing sequence of Borel sets whose union has complement of measure zero, and 
if for every n, there exists an m such that Z„ C Z'^ and Z'^ C Zm, then the Frechet spaces 
Lf^^(Z,T-L) defined w.r.t. (Z„) and (Z^) coincide. 

If G is a Icsc group, we always define Lf^^{G,T-L) with respect to the Haar measure on G and 
an increasing sequence of compact subsets Kn C G such that the interiors of Kn cover G. Note 
that two such increasing sequences are always cofinal, so that Lf^^{G,T-L) is unambiguously 
defined. Note that we have the continuous inclusion G{G,T-L) C L^^^{G^T-L). 

Also the following lemma is standard and we omit the proof. 
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Lemma 2.5. Let G he a Icsc group, P an algebra and JC a Frechet G-P-bimodule. Define the 
Frechet G-P-bimodule V. := L'^^^{G,IC) with the left G-action and right P-action given by 

{g-im=g-i{g-^h) and ■ a){h) = i{h) ■ a . 

Then the complexes of Frechet P-modules given by 

O^n^ G{G, n) A C{G^,n) A • • • and 

u — > n — > ft — > i^i^^[Lj, h) — > i^iocv'-^ ) tT-j — ^ ■ ■ ■ ! 
with dn defined by (|2.2|) . are strongly exact. In particular, % is a strongly acyclic G-P-bimodule. 

As a consequence, we recover the fact proven in |B177| that cohomology for G may be computed 
by using locally square integrable functions. 

Proposition 2.6 ( ^B177j ). Let G be a Icsc group, P an algebra and K, a Frechet G-P-bimodule. 
Define a complex C of Frechet P-modules given by 

/C — > Li^^{G, K,) — > ^locC^ , ^) — > ■■■ , 

with dn defined by (j2.2p . Then the inclusion maps C(G",/C) L'f^^(G'^,IC) induce P-linear 
isomorphisms 

H'^iG, IC) ^ H'^iC) and /C) ^ F"(C) . 

Proof. This is an immediate corollary of Proposition 12.41 and Lemma 12.51 □ 

Note that Proposition 12 . 61 has the following slightly unexpected consequence: if a continuous n- 
cocycle w : G" — )• /C is approximately inner in the L^^^-topology, then it must be approximately 
inner in the stronger topology of uniform convergence on compact sets. 



2.3. Change of coefRcients : a dimension formula 

Fix a Icsc group G and a von Neumann algebra M. A Hilbert G-M-bimodule Ti is a Hilbert 
space Ti equipped with a strongly continuous unitary representation of G and a normal anti- 
homomorphism M — )• B{'H) so that the left G-action and the right M-action on % commute. 

Assume now that Tr is a normal semifinite faithful trace on M and that C M is a von 
Neumann subalgebra such that Tr|jv is semifinite. Equip N with the trace given by restricting 
Tr to N . Denote hy E : M ^ N the unique Tr-preserving conditional expectation. Whenever 
H is a. right Hilbert A-module, the Connes tensor product H L^{M) is defined as the 
separation-completion of H (^aig M with respect to the scalar product 

{C(S)a,r](E)b) = {C ■ E{ab*),r]) . 

The formula (.^ (8) a) • ^ = ^ tX" aft turns 1-L®n L'^{M) into a right Hilbert M-module. If % was a 
Hilbert G-A^-bimodule, the formula g • {S, a) = {g ■ S,) a turns H^n L'^{M) into a Hilbert 
G-M-bimodule. The following proposition is analogous to |Lii021 Theorem 6.29]. 
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Proposition 2.7. Let G be a Icsc group and (M, Tr) a von Neumann algebra with separable 
predual equipped with a normal semifinite faithful trace. Let N C M be a von Neumann 
subalgebra such that Tr|^ is semifinite. Equip N with the trace given by restricting Tr to N. 

For every Hilbert G-N -module H, we have 

diniTv n) ^ diniAf H L^{M)) and 

diiRN H''iG,n) = diiRM H''{G,n0N L'^iM)) ■ 

In order to prove Proposition 12.71 we need two elementary lemmas. 

Lemma 2.8. Let (M, Tr) be a von Neumann algebra equipped with a normal semifinite faithful 
trace. Let N C M be a von Neumann subalgebra such that Tr|jv is semifinite. Assume that % 
is a right Hilbert N -module and that IC C Ti is a closed N-submodule. Denote by E : M N 
the unique Ti-preserving conditional expectation and by 

£ -.n^N L^{M) ^n:£{^0a)=^- E{a) 

the orthogonal projection of Ti (>Sin L'^ (M) onto H . 

Identifying K,®M L'^{M) with the closed M -submodule of'H(^jsiL'^{M) given by the closed linear 
span o/ {.^ (g) a I ^ € /C, a G M}, we have 

K^NL^iM) = {i en^NL'^iM) \S{C-a)eK: for all a £ M } . 

Proof. Denote hy P: Ti —?■ IC the orthogonal projection of Ti onto IC and note that P is A^- 
linear. Put Q = 1 — P. Then P (giA? 1 is the orthogonal projection of H (8) at L'^(M) onto 
IC^N L'^{M). Assume that ^ eU^N L'^{M) and that 8{i • a) G /C for all a £ M. It follows 
that 

£{{Q m) ■ a) = £{{Q ®N m ■ a)) = Q{£{^ • a)) = 
for all a G M. Hence {Q ®n = 0, so that ^ e IC^n L^{M). □ 

Lemma 2.9. Let (M, Tr) be a von Neumann algebra with separable predual equipped with a 
normal semifinite faithful trace. Let N C M be a von Neumann subalgebra such that Tr|7v is 
semifinite. Denote by E : M ^ N the unique Tr -preserving conditional expectation. 

Let % be an N -module and let IC be an M-module. Assume that 6 : H ^ IC and £ : IC ^ % 
are N -linear maps satisfying 

£{e{i) • a) = C • E{a) for all C Ti , a £ M . 

Then dim^v H ^ dimj\,f IC. 

Proof. We first prove the lemma when Tr is a tracial state. Assume that p G Mfc(C) N is a 
projection and 

if : p{Mk^i{C) ^ N) ^ n 

is an injective iV-linear map. We construct an injective M-linear map p(Mfe,i(C) M) — )■ IC. 
The inequality dim^v "H ^ dim m IC then follows directly from (jA.ip . 

Define C e Mi,fc(C) (g) V. given by 

k 

^ := ^ eii (g) (p{p{eii (g) 1)) . 
1=1 
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A direct computation yields that = ^ and that (^(r/) = ^r] for all i] € p(M,fc i(C) N). Define 

■0 : p(Mfe,i(C) M) ^ /C : V'(r/) = (id ^ e){Ov ■ 

By construction, ip is M-linear. We claim that '0 is injective. So assume that ry G p(Mfc^i(C) (8) 
M) and that V'l^) = 0- Then also 

= Tpif])!]* = (id (g) e){C) Tjr]* . 

Applying id (8) £, it follows that ^ (id (8) E){r]r]*) = 0. Since (/9 is injective and (id (gi E){r]r]*) 
belongs to p{Mk{C) (d)N)p, we get that {id0 E){r]r]*) = 0. Since E is faithful, we conclude that 
rj = 0. So •i/' is injective and the lemma is proven in the case where Tr is a finite trace. 

In the general case, choose an increasing sequence of projections pn & N with Tr(pn) < oo for 
all n and with the central support of p„ in N converging to 1 strongly. Applying the previous 
case to the p„A^p„-module Hpn and the p„Mp„-module /Cp„, we conclude that 

Tiipn) dimp^NpnCHpn) ^ Tr(p„) dimp„Mp„(^?'n) < dimM^C 
for all n. Taking the limit n ^ oo and using Lemma I A. 161 the lemma follows. □ 

We are now ready to prove Proposition 12.71 



Proof of Proposition 2.7. Denote /C := T-L^n L (M) and denote hy E: M ^ N the unique 



Tr-preserving conditional expectation. The map 

e-.n^iC: 0(0 = C o 1 

is a G-A'^-linear isometry with adjoint 

£ ■.lC^n:£{^^a)=C- E{a) . 
The maps 9 and £ naturally induce A^-linear maps 

6 : F"(G, n) H'^iG, K) and £ : H''{G, K) H'^iG, Ti) 
satisfying the assumptions of Lemma 12.91 So it follows from Lemma 12.91 that 

dim^F"(G,?^) ^ dimM^"(G,/C) . 

It remains to consider the reduced cohomologies. We first make the following observation : 
whenever £ is a Hilbert A^-module, we have 

dimNC = dimM{C^N L^{M)) . (2.4) 

Indeed, we can write C = p{i'^{N) L'^{N)) for some projection p G B(£^(N)) N. Then 
£0N L'^{M) = p{i'^{n)®L?{M)) so that both diuiN C and dvm.M{C®N L'^{M)) are given by 
(TrB(£2(j^)) (g)Tr)(p), where TrB(£2(j^)-) is the canonical trace on B(£^(N)). 

Using Lemma [221 we get that KP = TiP ®n L'^{M). In combination with ()2.4p . we get that 

dimjv^°(G,?^) = dimA/^°(G,/C) . 
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To prove the same formula for the reduced n-cohomology, n ^ 1, consider the complexes 

n^Ll^iG,-H)^Ll^iG^n)^--- and 

where dn is defined by ()2.2p . Fix n ^ 1 and define 

:= {e G I dniO = 0} and 

:= {dn^,{o\c^LUG--\n)}. 

We similarly define Z"(/C) and i?"(/C). By Proposition 12.61 we have 

dim^.^'^(G,?^) = dim;v(^j^^^) and dimM ^"(G, /C) = dim*, (^j^^^i^ 

Fix an increasing sequence of compact subsets i^^ C G whose interiors cover G. Denote 
by ifk : Lf^^{G^,7i) L'^{KJ!,7i) the restriction map. We define ZJ!;{7i) as the closure of 
ipk{Z'^{H)), and we define BJ^{7i) as the closure of ipk{B^{T-L)). By construction, we have 
A^-linear maps 

with dense range. Also by construction, Kenpk is a decreasing sequence of A^-submodules with 
trivial intersection. It then follows from Lemma lA. 171 that 

dimAr^"(G,?^) = limdim^(|||||) . (2.5) 

We similarly have that 

/ Z"'(K') 

diuiM H" {G, K) = hm dimM ' ^ 



To conclude the proof of the proposition, we identify the Hilbert M-modules 

^ = ^ • ^'-^^ 

Once (j2.6p is proven, the proposition follows by using (|2.4p . 

To prove ([22]), note that L'^{KJ^,n) = L^{KJ!)^n, so that we can identify 

We therefore get inclusions 

Z^{n) L\M) C Z^(/C) and 5^(7^) ^jv ^^(M) C S^(/C) (2.7) 

and it remains to prove that these inclusions are actually equalities. To prove this, we use 
Lemma [2.81 and denote by £: L?{K'^,1C) L'^{KJ^,7i) the orthogonal projection. Fix ^ G 
Z^(/C) and fix a € M. We must show that ■ a) € Z^{n). The definition of Z^{1C) provides 
a sequence Ui G Z"(G, /C) such that ^ = limupkiuji). We also have £ : Z"'(G, /C) ^ Z^{G,T-L) 
and get that 

f (.^ • a) = lim(^fe(£'(wj • a)) . 

Since £{LOi • a) is a sequence in Z'"'{G, %), we indeed get that £{£, ■ a) G Z'^{T-i). This proves that 
the first inclusion in ()2.7p actually is an equality. We similarly get that the second inclusion in 
(j2.7p is an equality. The required identification (j2.6p follows and the proposition is proven. □ 
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As a consequence of the above proof we obtain the fohowing result, which also appears in |Pellt 
Proposition 3.8]. 

Porism 2.10. For any Icsc unimodular group G and any n ^ we have f3^l^^^(G) = if and 
only if H_"{G, L'^{G)) vanishes. 



Proof. Choosing T-L := L'^{G) in Proposition 12.71 and its proof, we see that the modules ^^^^j 
appearing in (|2.5p are actually Hilbert L(G)-modules. Since the dimension function is faithful 

{'hi) 

on the class of Hilbert LG- modules, if we assume that /J^^) (C) = this forces ^n^^^ = {0} for 

each k ^ 0. At the same time, the kernels of the maps ipk '■ H"'{G, L (G)) b"(h) ^^^^ trivial 
intersection and hence ^"(G, L^(G)) = {0}. □ 

3. Cohomology of countable equivalence relations 

Fix a countable Borel pmp equivalence relation TZ on the standard probability space {Y,i/). 
Denote by [[R]] the full pseudogroup of TZ, i.e. the set of all partial Borel bijections ip with 
domain -D(V') C Y and range -R(^) C Y, such that {y,ip{y)) G TZ for all y G D{ip). We write 
7^(o) := Y and 7^(") := {{yo,...,yn) \ {Vi^Vj) G ^ for all All 7^(") are equipped with 

the natural fi-finite measure with u^'^'> = v and with v^^^ given by integrating w.r.t. v the 
counting measure over the projection 7^^") — )> Y onto any of the coordinates. 

The von Neumann algebra LTZ of the equivalence relation TZ is defined as the von Neumann 
algebra acting on L^(7^(^), generated by the partial isometries it<^, G [[7^]], given by 



i{^-\y),z) ifyGi?M, 
otherwise. 



The unit vector x ^ L'^{TZ^^\u'^^^) given by xiUi^) = I if y = z and xiu^^) = if y 7^ z 
implements a faithful normal tracial state r on LTZ satisfying 

r(n^) = iy{{x G D{ip) \ Lp{x) = x}) 

for all if G [\TV^. We refer to jFM75j for the details of the construction of LTZ. 

We can identify L'^{LTZ,t) with L'^{TZ,v^^^) and under this identification, the right action of 
LTZ on L'^{TZ, u^^^) is given by 



otherwise. 



For later use, we write in this section a concrete complex of Frechet LT^-modules such that the 
LT^-dimensions of the cohomology modules precisely are the L^-Betti numbers of TZ, as defined 
in [CM] . 

Fix a countable subset A C [[TZ]] with id G A and such that 

^ = IJ graph((/?) . 

Enumerate A = (J^ A^ as an increasing sequence of finite subsets with id G Aq, and define 

:= {{yo, ...,yn,z)G TZ'^''+^^ [ y, / y, whenever i ^ j} . (3.1) 
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We then consider the increasmg sequence of subsets C S^"^ given by 

sl"^ := {{yo, ...,yn,z)e s^") | 3(^o, . . . , e A^, 3y e D{ipo) n • • • n D{ipn) 

such that yi = (pi{y) for all i = 0, . . . , n} , 

and equip with the a-finite measure given by restricting We consider the Frechet 

spaces Lj^Q^_5^(S(")) where we use the notation ifo^-s *° stress that we take functions that are 
square integrable on all the subsets S^"'*. Note that for n = 0, we just obtain L'^iJZ), because 
= = n for ah k. 

Every L2(S^"^) is a right Hilbert LT^-module under 



{i-u^){yQ,---,yn,z) 



({yo,. . . ,yn,f{z)) if z€D{(p), 
otherwise. 



In this way, -^k)c-s(^ becomes a right Frechet LT^-module. 

We denote by f^n^ (TZ) the L^-Betti numbers of the equivalence relation TZ, as defined in [GaOH 
Definition 3.14]. 

Proposition 3.1. Consider the complex C of right Frechet LlZ-modules given by 
where dn is given by 

n+l 

{dnUj){yo,.. .,yn+i,z) = ^(-l)*a;(yo, ■■■Si,-- - ,yn+i,z) . 

2=0 

Then 

I3i^\n) = dimL7^^"(C) = dimL7^^"(C) . 

Proof. Using the same formulae as for dn, we also have, for every € N, the complexes of 
finitely generated Hilbert LT^-modules given by 

We write := Lf„,_2(S(")) and C7^ := L^iT.'j^^). By definition of Ll^_^, the Frechet L7^- 
module C"" is the inverse limit of the Hilbert modules CJ}. Denote 

:= Ker(C7" A C7"+i) and := Ker(C7^ ^ 0^+^) . 

By construction, the Frechet LT^-module is the inverse limit of the finitely generated Hilbert 
LT^-modules ZJ^. By Proposition I A. 13l we have 



Z^ 



«!„-i(C"-i) "'%l(d„_i(C"-i)) 



dim^T^f ^ 



ciK-^(cr^)) 



(3.3) 
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For every bounded operator T between two Hilbert spaces, we denote by ImT the closure of 
the image of T. So, using Proposition IA.121 we get that 



hmfhmfdimz.7^Imf^^,^3T^^^ ^ ^^—^))) . (3.4) 



dimL7^i^"(C) =dimL7e^"(C) 

/ Z 

vj-v--— \d{d^-Hc^~')) ci(dr^(cr')) 

It remains to prove that the expression in (j3.4p equals (Ti) ■ 

Whenever ii' is a closed subspace of a Hilbert space, denote by Pk the orthogonal projection 
onto K. Denote by T^a,p '■ CJ^ the LT^-linear operator given by restricting functions on 

E^"^ to SL"^ We can then identify 

Imf > ^ ) with 

Vcl(d^-i(C7^-i)) cl{dr\cr'))'> 

Im((Pzs - Pc\{dr\c^-^))) ° ^a,/3 ° (Pz^ - Pi(^n-i(^„-i)))) . (3.5) 
For every LT^-linear operator T between Hilbert LT^-modules, we know that 

dim^T^ImT = dim/^T^ImT* . 
Therefore, the L7?--dimension of ()3.5p equals the LT^-dimension of 



Im(^(Pz^n - P^j^^„_i^^„_i^p o tt;^^ o (P^„ - j . (3.6) 

Since IP{Ci, di) = H_p{Ci,d*) for any Hilbert chain complex (Cj, di), this can in turn be identified 
with 

— / Ker(rfri)* Ker(rfri)* x 

Vcl(Im((iS)*) cl(Im(d2)*)/ ■ ^ ^ 

Denote by V„(a, /3) the LT^-dimension of the Hilbert LT^-module in (|3.7p . We have shown that 

dimi7e^"(C) = dimi7^^"(C) = lim(limV„(a,/3)) . (3.8) 

Equipped with the projection vr : S^") — )• y : 7r(yo, • • • , y™, z) = 2; and the action of Tl, on the 
last variable of S^"), we get that S is an 7^-simplicial complex in the sense of |GaOH Definition 

^ ('2') 

2.6]. Since S is n-connected for all rz, it follows from [GaOll Definition 3.14] that /?„ (7^) equals 
the n-th L^-Betti number the 7?.-simplicial complex E. Now the sets Eq"''' define an increasing 
sequence of subcomplexes E^ C E. The subcomplexes Eq are uniformly locally bounded (in 
the sense of |GaOH Definition 2.7]) and the space of L^-n-chains of E^ is exactly C^. The 
boundary operators are exactly the operators {d^* . So it follows from |GaOH Proposition 3.9] 
that 

/3(2)(7^) = lim(limV„(a,/3)) . 
Together with ()3.8p . the proposition is proven. □ 
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4. Z^-Betti numbers for locally compact groups and their cross 
section equivalence relations 

4.1. Cocompact cross sections and their equivalence relations 

Definition 4.1. Let G be a Icsc group, {X,ij,) a standard probability space and G r\ {X,ij,) 
an essentially free nonsingular action. 

• We call a Borel set Y C X a cross section oi G r\ {X, /i) if there exists a neighborhood 
of the identity U C G such that the map U x Y ^ X : {g,y) g ■ y is injective and such 
that fi{X -G-Y) = 0. 

• We call the cross section Y C X cocompact if there exists a compact subset K C G such 
that K -Y is a G-invariant Borel subset of X and fi{X — K ■ Y) = 0. 

Note that the injectivity oi U x Y ^ X implies that the map G x Y ^ X : {g,y) g ■ y is 
countable-to-one and hence maps Borel sets to Borel sets. 

The following theorem was proven in [Fo74l Proposition 2.10], although the cocompactness was 
not studied there. Since it is crucial for us to have cocompact cross sections, we give a detailed 
proof. 

Theorem 4.2 ( |Fo74l Proposition 2.10]). Every essentially free nonsingular action of a Icsc 
group G on a standard probability space admits a cocompact cross section. 

Proof. Fix a Icsc group G, a standard probability space {X, /x) and an essentially free nonsin- 
gular action G r\ {X,fi). Fix a compact neighborhood Kq of e in G and put Ki := Kq^Kq. 
We start by proving the following claim. 

Step 1. If W C X is a nonnegligible Borel subset of X, there exists a Borel subset y C W 
such that the map Kq x Y X : {k,y) k ■ y is injective and has nonnegligible image. 

Proof of step 1. By [Va62J Theorem 3.2], there exists a compact metric space {P,d) and 
a continuous action G r\ P hy homeomorphisms such that we can view X as a G-invariant 
Borel subset of P. We extend fj, to a measure on P by putting fj.{P — X) = 0. Put L := 
KiKi — interior (ETi). Then L is compact and e L. Since G acts continuously on P and since 
L is compact, we can define the continuous function 

5 : P — 7> [0, -|-oo) : 5{x) = min{d(A: ■ x,x) \ k ^ L} . 

Since G r\ {X, fi) is essentially free, we see that 5{x) > for a.e. x G X. So we can take e > 
such that the set 

Wi := {x G W I 6{x) ^ 2e} 

satisfies /i(Wi) > 0. Take a closed ball B C P with diameter smaller than e such that 
fj,{B n Wi) > 0. Denote by Xq the conegligible G-invariant Borel set of all x G X that have 
trivial stabilizer. So also fi{B n Wi n Xq) > 0. By regularity of fi (see e.g. |Ke951 Theorem 
17.10]), take a compact subset Pi C i? n Wi fl Xq with fJ.{Pi) > 0. Define the compact set 
5 C Pi X Pi given by 

S := {{x,y) £ Pi X Pi \ 3k e Ki,y = k ■ x} . 

It is clear that (x, x) E 5 for all x G Pi and that (y, x) G 5 if and only if (x, y) G 5, because 
Ki = Ki^. But S is also transitive: if (x,y) G S and {y,z) G S, then (x, z) G S. Indeed, take 
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r,s & Ki such that y = r ■ x and z = s ■ y. Then sr G KiKi and (sr) • x = z. Smce x and 
z both belong to the ball B with diameter e, we get that d{{sr) ■ x,x) ^ e. Since x € Wi, we 
know that 6{x) ^ 2e. So we must have that sr G interior(i^i), and hence (x, z) G 5. 

It follows that iS is an equivalence relation on the compact metric space Pi. The <S-orbit of 
X G Pi is given by ETi • x n Pi and hence, 5 has closed orbits. So by |Ta791 Theorem A. 15], S 
admits a fundamental domain: we can choose a Borel subset y C Pi that meets every 5-orbit 
exactly once. By construction, we have Y C Pi C W (1 Xq. We can see as follows that Y 
satisfies all the conditions in the claim. 

• The map Kq x y — > X : (/c, y) i-^ /c • y is injective. Indeed, \lk-y = s ■ z for k,s (z Kq and 
y,z € Y, we get that s~^k G Ki and {s~^k) ■ y = z. It follows that (y, z) £ S and hence 
y = z, because y and z belong to the fundamental domain Y of S. Since y has trivial 
stabilizer, also s = k. 

• Since the map Kq x y — > X : {k,y) k ■ y is Borel and injective, Kq • y is a Borel subset 
of X. Since Kq has a nonempty interior, we can write G = [Jj^gnKo for a sequence of 
group elements gn G G. Then G -Y = |J„ gn ■ {Kq ■ Y). Since Pi C G • y, the Borel set 
G • y is nonnegligible. Since the action G r\ (X, fi) is nonsingular, it follows that also 
Kq ■ Y is nonnegligible. 

This proves step 1. 

Step 2. There exists a Borel set Z C X such that the map Kq x Z X : {k,y) k ■ y is 
injective and such that Ki ■ Z has complement of measure zero. 

Proof of step 2. Take a maximal family of disjoint nonnegligible Borel subsets Wn C X that 
can be written as Wn = Kq ■ Zn for some Borel set Z„ C X and with the map Kq x — ?> 
X : {k,y) I— 7> k ■ y being injective. Since is a probability measure, this family (Wn) is 
countable. Put Z = Z^. Then Z is a Borel set and since the sets Wn are disjoint, the map 
Kq X Z ^ X : {k,y) k ■ y is injective. We claim that X — Ki ■ Z has measure zero. If not, 
step 1 provides us with a Borel subset Y C X — Ki ■ Z such that the map Kq x y ^ X is 
injective and has nonnegligible image. Since Y (1 Ki ■ Z = ^, also Kq ■ Y n Kq • Z = 0. So we 
could add the nonnegligible set Kq ■ Y to the family (Wn), contradicting its maximality. This 
ends the proof of step 2. 

End of the proof of Theorem 14.21 Since G r\ {X, fi) is essentially free, we start by 
discarding a G-invariant Borel set of measure zero so that G r\ X becomes a free action. By 
step 2, take a Borel set Z <Z X such that the map Kq x Z ^ X : {k,y) k ■ y is injective and 
such that Ki ■ Z has complement of measure zero. Put W := Ki ■ Z. Since Kq has a nonempty 
interior, we can choose a sequence gn & G such that G = |J„ i^offn- Put A = f]^ ■ W. Then 
^ is a Borel set and ^(X — A) = 0. By |Zi841 Lemma B.8], we can choose a Borel set B C A 
such that fi{A — B) = and such that Xq := G • P is a Borel set. Since B C Xq, we have 
fi{X — Xq) = 0. For every n G N, we have 

KQgn ■ B C KQgn ■AcKq-W = KqKi ■ Z . 

Putting K := KqKi and taking the union over n, we get that Xq C K ■ Z. Since Xq is 
G-invariant, this means that Xq = K ■ (Z f] Xq). 

We define Y := Z f] Xq. We have proven that the map Kq x Y X : (k, y) k ■ y is injective 
and that K ■ Y = Xq is a G-invariant Borel set with complement of measure zero. So y is a 
cocompact cross section for G r\ (X, /u). □ 
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The following proposition contains the basic properties of the cross section equivalence relation. 
The results are well known but not explicitly stated in the literature, so for the convenience of 
the reader we include a proof in Appendix |Bl 

Proposition 4.3. Let G be a Icsc unimodular group and G r\ (X, /i) an essentially free pmp 
action on a standard probability space. Let Y C X be a cross section and fix a Haar measure 
A on G. 



1. The formula IZ := {{y,y') GYxY\yGG - y'} defines a countable Borel equivalence 
relation on Y . 

2. The set Z := {(x, y) G X x 1" | x G G • y} is Borel. The projection on the first coordinate 
TTi : Z ^ X is countable-to-one. Define the measure rj on Z by integrating w.r.t. fi the 
counting measure over the map tt^. 

There exist a unique probability measure v on Y and a unique < covoiy < +cxd such 
that 

^^{X X u) = covolY ■ r] where ^ : G x Y ^ Z : '^{g,y) = (g ■ y,y) . (4.1) 

In particular, whenever U is a neighborhood of e in G such that 9 : U xY ^ X : (g,y) 
g ■ y is injective, we have 

9*{X\u X i/) = covoiy • ixp.Y . (4.2) 



3. The probability measure v is TZ-invariant. 

4. If Y' C X is a different cross section with corresponding equivalence relation TZ' , then 

there exist Borel subsets Yq CY and Yq C Y' and a Borel bisection a : Yq — > Iq satisfying 
the following properties. 

• Yq meets a.e. TZ-orbit and Yq meets a.e. TZ' -orbit. 

Tur u ^ ^ covoiy , 

• We have a*(i^|y;,) = tttt ^iv • 

' " covoiy 1^0 

• a is an isomorphism between the restricted equivalence relations TZ^Yo ^''^d TZ'y^,. 

In particular, when G r\ {X, fi) is ergodic, the equivalence relations TZ and TZ' are stably 
orbit equivalent with compression constant covol(y)/ covol(y'). 

5. {TZ, v) is ergodic if and only if G r\ {X, fi) is ergodic. 

6. {TZ,u) has infinite orbits a.e. if and only if G is noncompact. 

7. {TZ, v) is amenable if and only if G is amenable. 

We end this section with a simple lemma which will be needed in the proof of Theorem \^ 

Lemma 4.4. Let G be a Icsc unimodular group and G r\ [X, fi) an essentially free pmp 
action. Let Y <Z X be a cross section and TZ the cross section equivalence relation on Y as 
in Proposition \4.3[ Denote by [[TZ]] the full pseudogroup ofTZ, i.e. the set of all partial Borel 
bijections of Y that have their graph in TZ. For every compact subset C C G, there exists a 
finite subset T C [[7^]] such that for all y G Y , we have Y f] {G ■ y) = J- ■ y. Here we use the 
notation T ■ y := {(p{y) \ if G T,y £ D{ip)}. 
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Proof. Define S := {{y, z) e Y x Y \ z £ C ■ y}. Denote hy iTi : TZ ^ Y and -Kr : U ^ Y the 
projections on the first and second coordinate. To prove the lemma, it suffices to show that 
there exists a k > such that 

#(5n7r7^({y})) ^ K and #(5 n 7r-i({z})) ^ k forally,zey. 

Since S can also be written as {{y,z) £ Y x Y \ y £ C^^ ■ z}, it suffices to prove the first 
inequality. 

Take a neighborhood U of e in G such that 6 : U x Y X : {g,y) g ■ y is injective. Take 
K ^ 1 and elements gi, . . . , £ G such that 

K 

C C U U-'gk . 

k=l 

For every fixed y gY, we have 

S n 7r-'{{y}) C U {{y, z)\zeYn [U'^gu ■ y)] . 
k=i 

By the injectivity of 6, the sets in the union on the right hand side have at most one element. 
So, 

#{Sn7Tj\{y}))^K 

for all y G y and the lemma is proven. □ 



4.2. Notation and conventions 



Fix a Icsc unimodular group G and fix an essentially free ergodic pmp action G r\ (X, /i) . By 
Theorem 14.21 and after discarding a G-invariant Borel set of measure zero, we get that G r\ X 
is a free action that admits a cocompact cross section Y C X. We fix a Haar measure A on G 
and we define the cross section equivalence relation TZ and the probability measure v on Y as 
in Proposition 14.31 

We fix a neighborhood of e in G such that : h( xY ^ X : {g,y) g ■ y is injective. We also 
fix a compact set K such that K ■ Y = X . Since K x Y X : {g,y) ^ g ■ y is surjective and 
countable-to-one, we can choose a Borel right inverse x i-^ {p{x),'ir{x)). We make this choice 
such that p{g • y) = g and ■K{g ■ y) = y for dl\ g and y G Y. Note that by construction, 
p{x) ■ 7r(x) = X, so that 7r(x) G G • x for all x € X. 

We put M := L°°{X) x G and denote by {ug)g^G the canonical group of unitaries in the crossed 
product L°°(X) X G. 

The von Neumann algebra M is equipped with a normal semifinite faithful trace TV satisfying, 
for all continuous compactly supported functions f : G ^ C and a € L^{X), 

Tr(aA(/)) = /(e) / a(x) dp{x) where A(/) = / f{g)ug dX{g) . (4.3) 
Jx JG 

Define 

TZg :={(x,y)eXxX|yeG-x} 

and note that the map X x G — > TZq ■ {x,g) {x,g^^ • x) is a Borel bijection. We equip TZq 
with the push forward of the measure pxXon. X xG. We can then identify the M-M-bimodule 
L^(M, Tr) with L^iTZc) with the left and right module action being given by 

{{aug) ■ i ■ {uhh)) (x, y) = a(x) ^(^"^ • x, /i • y)h{y) for aU a, 6 G L'^{X),g, h £ G, (x, y) elZc ■ 
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4.3. The crossed product L°°{X) xi G is an infinite amplification of LIZ 

We keep the notations introduced in Section [4.21 As in Proposition 14. 3^ define 

Z ■= {{x,y) eXxY\xeG-y} 

and equip Z with the cr-finite measure ry given by integrating w.r.t. n the counting measure over 
the map {x,y) i— )■ x. Then Lp'{Z) is a right -L7?.-module with right action given, for ^ G L'^{Z) 
and ^ G [[7^]], by 

w ._k{x,v{y)) \iyeD{^) 
I U otherwise 

We also define the left G-action on Lp'{Z) given by 

{9<){x,y)=ag'^ -x^y) for all {x,y) & Z,g e G,^ & L\Z) . 
Note that L'^{Z) becomes a Hilbert G-L7?.-bimodule. 
Lemma 4.5. There exist 

• a projection p ^ M with Tv{p) = covol(y)^^, 

• a unitary U : L'^{M)p L'^{Z), 

• a *-isomorphism (p : pMp — )• LTZ, 

such that U{ug ■ C ■ a) = g ■ [/(^) • </>(a) for all g eC, e L'^{M)p and a G pMp. 

Proof. Put W := U ■ Y and denote by pvv € L°^{X) the corresponding projection. Then 
L'^{M)p^^ = L'^iUc n (X X W)). The map 

7^G n (X X W) ^ Z X ^ : {x,x') ^ {x,tt{x'),p{x')) 

is Borel and bijective with inverse {x,y,g) ^ {x,g ■ y). Using Proposition 14.31 we get that this 
map is measure preserving. So we define the unitary operator 

V : L\M)py^ ^ L\Z X U) : {VO{x,y,g) = i{x,g- y) . 

Denote by p : py\;Mpy\; — )• B{Lp'{M)pwi) the *-antihomomorphism given by the right action 
of py\;Mpy^. Similarly, denote by p : LTZ B{L'^{Z)) the *-antihomomorphism given by the 
right action of LTZ. A direct computation shows that 

Vp{pwaUgPw)V* G p{LTZ)®B{L\U)) for all a G L'=^{X),g G G . 

So it follows that V p{pyvMpyv)V* C p{LTZ)®B{L'^{U)). Denote by 7 : M ^ B{L'^{M)pyy) 
the *-homomorphism given by the left action of M. A direct computation also shows that 
V-i{aUg)V* commutes with p{LTZ)®B{L'^{U)) for ah a G 5 G G. Since 

B{L^{M)py^)r\^{M)' = pipyyMpy^) , 

we find that V*{p{LTZ) '(§ B{L'^{U)))V C p{pyvMp\v)- So we have proven that 

Vp{pwMpw)V* = p{LTZ)®B{L^{U)) . 
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The left hand side is equipped with the restriction of the trace Tr on M. The right hand side 
is equipped with the tensor product of the natural tracial state on LTZ and the semifinite trace 
Tr on B{L'^{U)) that is normalized such that the trace of a minimal projection equals 1. Since 
M is a IIoo factor both traces are a multiple of each other under the isomorphism Ad V. We 
must determine this multiple. To do so, choose a nonempty open subsets Uq C U and choose 
a continuous compactly supported function / : G — )• C such that /(e) = 1 and gUo C U for all 
g G supp/. Put Wo := ■ Y. Define the element S € py\;Mpy\; given by 

S ■■= / f{g) Ugpy^o dX{g) . 
Jg 

One computes that Vp{S)V* = 1 (g) T, where T G B{L?'{JA)) is given by 

T:= J^f{g)pu,X; d\{g) 

and where {\g)g^G denotes the left regular representation of G on L'^{G). We have Tr(5) = 
fj.{Wo) and (r ^ Tr)(l (g) T) = A(ZYo). So, Ad^ induces a *-isomorphism between p(pvvMpvv) 
and p{LTZ) ^ B{Lp'{hi)) that scales the trace with the factor covoiy. 

Choose a minimal projection q G B{L'^{U)) and denote hy p £ py^Mpy^ the projection such that 
Vp{p)V* = 1 (gx?. We get that Tr{p) = covol(y)~^. We find the *-isomorphism (p : pMp — > LTZ 
such that Vp{a)V* = p{4>{a)) ® q for all o G pMp. The restriction of V to L'^{M)p yields the 
required unitary U : Lp'{M)p — > L'^{Z). □ 

4.4. Proof of Theorem \K\ 

It suffices to prove Theorem |X] for one particular choice of cross section. Indeed, if Y and 
Y' are two cross sections, with corresponding cross section equivalence relations TZ and TZ\ 
then by Proposition 14.31 ^ ^"^^ ^-^e stably orbit equivalent with compression constant 
covol(y)/ covol(y). So, by [GaOH Corollaire 5.6], we find that 

coYo\{Y)-^ p^^\n) = covol(y')~^/5i^^(^') • 

So Theorem |A] holds for the cross section Y if and only if it holds for the cross section Y' . 

Therefore we can fix a cocompact cross section Y and use the notations introduced in Section 
14.21 We also use the Hilbert G--L7?.-bimodule L'^{Z) introduced in the beginning of Section IT3l 
and we use cohomology of G with coefficients in L'^(Z), in the sense of Definition 12. 1[ 

Step 1. We have 

(3f2)iG) ^ covol(y)-i dimL7ei7"(G,L2(Z)) and 
^J^2)(G) = covol(y)-i dimLTi H^{G,L^{Z)) . 

Proof. Put N = LG and M = L°°{X) xi G. Note that we have a natural trace preserving 
inclusion N C M. Using the Connes tensor product, as explained in the beginning of Section 
12.31 we have 

L'^{G) L^{M) = L^{M) . 
So, it follows from Proposition 12.71 that 

/3("2)(G) ^ dimMi^"(G,L2(M)) and ^ {G) = diuiM H'' {G , {M)) . 
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Take a projection p £ M satisfying the conclusions of Lemma 14.51 Since M is a factor, the 
central support of p in M equals 1. So from Lemma lA.161 we get that 

dimM l2(M)) = covol(y)"^ diuipMp H'^iG, L^{M)p) and 

dimA/^"(G,L2(M)) = covol(y)-i ^luipUp K"" {G , {M)p) . 

Using the unitary U : L'^{M)p L'^{Z) and the isomorphism (p : pMp — )• LTZ, we get that 

dimpMp ^"(G, L^{M)p) = dim^T^ L^{Z)) and 

d\uipMpH^{G,L\M)p) = dimLnH^{G,L\Z)) . 

So, step [U is proven. □ 

Step 2. We have 

diiRLTz H^{G,L\Z)) = d\mLnS'{G,L\Z)) = p^^\n) . 

Proof. We fix an increasing sequence of compact subsets C G whose interiors cover G. 
Since is compact. Lemma provides finite subsets Fk C [[7^]] such that 

{Kk-y)r\Y = Fk-y for all y G Y . 

Here we use the notation • y to denote the set of points of the form ip{y) with ip £ Tk and 
y € D{if). We denote by A the set of all compositions of elements in F^ U U {id}. A; € N. 
We write A as an increasing union of finite subsets A^ C A with id G Aq. 

For every n ^ 0, define the set 

:= {(x, yo,...,yn,z)eX X Y^+^ \ (7r(x), yo, • • • , ?/n, 2) G 7^("+2), Vi / j : / y,} 
and the sequence of subsets H^"'* C H^") given by 

H^"^ := {(x, yo, • • • , ^n, 2) G S^") | there exist (^0, • • • , V^n G Afc such that 7r(x) G D{Lpi) 

and yj = 93j(7r(x)) for all z = 0, . . . , n} . 

We equip H^") with the a-finite measure ry^"-* given by integrating w.r.t. the counting measure 
over the projection onto the first coordinate (x, yo, . . . , yn, 2;) ^ x. For every n ^ 0, we consider 
the Frechet space := L^^^_^(H("')) of functions that are square integrable on each of the 
A; G N. We turn into a Frechet G-L7?.-bimodule using 

(5 • C • ^^¥')(^'yo, ■■■,yn,z) = Cig^^ ■ x,yo,... ,yn,(p{z)) 

for all 5 G G, ^ G D^, (p G [[7^]] and (x, yo, . . . , y™, z) G H^"). We define the complex of Frechet 
G-L7^-modules given by 

L\Z) ^ ^0 A A ji2^ • • • (4.4) 
with the coboundary operators given by 

(d_i^)(x,yo,z) = i{x,z) , 

n+l 

{dnOix,yo,-- ■,yn+i,z) = ^(-i)'C(a;,2/o,- • ■ Si, - ■ ■ ,yn,z) . 

1=0 
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We claim that the complex (|4.4p of Frechet L7?--modules is strongly exact in the sense of 
Definition 12.31 For this, it suffices to define 

5o : ^ L\Z) : {S^S^ix, z) = i{x,T,{x), z) , 

Sn-. D"^ ^ : {Sni){x,yi, . . .,yn,z) = ^{x,7r{x),yi, ...,yn,z). 

A direct computation now gives Sn+iodn+dn-ioSn = idz)„. We next claim that for every n ^ 0, 
the Frechet G-L7^-bimodule is strongly acyclic in the sense of Definition 12.31 Using Lemma 
12.51 it suffices to prove that is of the form Lf^^(G, C") for a certain Frechet LT^-module C". 
To prove this last statement, define as before 

TZg ■■= {{x, x') e X X X \ X £ G ■ x'} . 

Since the action of G on X is free, we can uniquely define the Borel map : TZq — > G such 
that Q{x,x') ■ x' = X for all {x,x') E TZq- 

Define the sets S*^""-* C 7^("+-^) given by p.ip . We equip S*^") with the measure given by 
restricting The maps 

On-.G X : {g,yo,...,yn,z) ^ {g ■ yo,yo, . . . ,yn, z) 

are Borel and bijective with the inverse given by 

0n^{x,yo,...,yn,z) = {Q{x,yo),yo,...,yn,z) . 

Because of Proposition 14. 3[ we have (e„)*(A x = covol(y)r?("). 

Since we have chosen a cocompact cross section, the increasing sequence of subsets of G x S^"^ 
given by 6~^{r!~^'^) is cofinal with the increasing sequence of subsets x ^^^\ where E^""^ was 
defined in (j3.2p . So we indeed find a G-L7^-linear bijective homeomorphism = L'^^^{G, G"), 
with G" = LfQ^_2(S^"^). It then follows from Lemma [231 that the G-L7^-bimodule is 
strongly acyclic. 

Since moreover the complex in (j4.4p is strongly exact, it follows from Proposition 12. 41 that there 
are L7?.-linear isomorphisms 

H''{G,L\Z))^ H'^iC) and H!" {G , L'^ {Z)) tT" [C] , (4.5) 

where C is the complex of Frechet LT^-modules given by 

pO)G ^ pl)G A, p2)G ^ . . . . (4.6) 

Using the isomorphism Z?" = Lf^^{G,C'^) that we obtained in the previous paragraph, the 
complex in (|4.6p is isomorphic with the complex 



that we considered in Proposition 13.11 So Proposition 13.11 gives us that 

Using ()4.5p . step [2] is proven. □ 

End of the proof of Theorem [A]. Combining steps [1] and [2] with the obvious inequality 
^/3[^2)(G'), weget that 

covol(y)-i /3(2)(7^) = ^^^^(G) ^ /3p2)(G) = covol(y)-i /3(2)(7e) . 
So the middle inequality must also be an equality and Theorem [X] is proven. □ 
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4.5. Proof of Theorem [B] 



Fix Haar measures Xh on H and Xg on G. Fix a Borel cross section : G/H —?■ G satisfying 
9{eH) = e and denote by Xq/h the G-invariant measure on G/H given by (jl.2|) . We define the 
1-cocycle 

w : G X G/iJ ^ H : g e{kH) = e{gkH) uj{g, kH) for all g,keG . 
Note that eH) = h for ah he H. 

By Remark 11.11 we can choose an essentially free ergodic pmp action H r\ {X, fi) . Define 
X' = G/H X X and equip X' with the probability measure ^' := covol(i/)^^ i^G/H ^ /^)- 
Define the induced action G r\ (X', given by 

g ■ {kH, x) = {gkH, io{g, kH) ■ x) . 

Note that G r\ {X\ fj,') is an essentially free ergodic pmp action. 

Fix a cross section Y C X for the action H r\ {X, /i). Define Y' := {eH} x Y. We claim that 
Y' C X' is a cross section for the action G r\ {X',fj,'). Since H ■ Y' = {eH} x {H ■ Y), we 
get that G ■ Y' = G/H x {H ■ Y), which is conegligible in X'. Take a neighborhood U of e 
in H such that the map l/( x Y —?■ X : {h,y) >—?■ h ■ y is injective. Choose a neighborhood W 
of e in G such that {U')^^U' Ci H C U. To prove our claim, it suffices to prove that the map 
U' X Y' ^ X' : {g, y') ^ g ■ y' is injective. 

So assume that g,k eW and y,z eY such that g ■ {eH, y) = k ■ {eH, z). Then gH = kH and 
by our choice of lA' , we get that k = gh for some h £U. But then y = h ■ z, so that y = z and 
h = e. Then also g = k and the required injectivity is proven. 

The cross section equivalence relations on Y' and Y are identical. Only their canonical covol- 
umes differ. As in Proposition 14.31 define Z C X xY with its natural measure t] and denote by 
u the natural probability measure on Y. Define i'' on Y' such that v = u' under the obvious 
identification of Y and Y' . Finally define Z' d X' xY' , again with its natural measure r]' . The 
cross section 9 induces a bijective Borel map G G/H x H . We then have the obvious maps 

(G X Y', Xg X u') ^ {G/H xHxY, Xg/h ^ Xh x v) ^ {G/H x Z, Xg/h x r?) ^ {Z' , r?') . 

The first one is measure preserving, the second one scales the measure with a factor covoiy 
and the last one scales the measure with a factor covol(-ff). We conclude that 

covol(y') = coYo\{H) ■ covol(y) . 

Since the cross section equivalence relations on Y' and Y are identical. Theorem iBl follows from 
this formula. □ 

4.6. Vanishing results : proof of Theorem [C] 

1. If G is compact and A is a Haar measure on G, we consider the action of G on itself, equipped 
with the probability measure X{G)~^ ■ X. Then {e} is a cross section. It has covolume A(G) 
and the cross section equivalence relation is, obviously, the trivial equivalence relation on one 
point. So 1 follows. 

2. Take G a Icsc unimodular amenable group that is noncompact. Take any essentially free 
ergodic pmp action G r\ {X, fi) with cross section equivalence relation TZ. Bv l4.31 TZ is ergodic. 
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amenable and has infinite orbits a.e. So by [CFW81] . TZ is the orbit equivalence relation of an 
essentially free ergodic pmp action of Z. Then (3):'{n) = for all n ^ and 2 follows. 

3 and 4. First make the following general observation. If G is a Icsc group with left Haar measure 
Xg, then the modular function Aq ■ G — )• is defined such that Xq o Adg = Acig)"^ • Xq- 
Whenever H <i G is a closed normal subgroup, the Haar measure on the quotient group is 
G-invariant and therefore Ah = {Ag)\h; cf. jBHV08^ Corollary B.1.7]. 

In particular, if G is unimodular, also H is unimodular. Moreover, the uniqueness of the 
Haar measure on H allows to define the homomorphism a : G — ?> such that Xh o Ad g = 
a{g)^^ ■ Xh, and using (|1.2p . one deduces that 

Acig) = Ac/HigH) a{g) for all g e G . (4.7) 

In the case where G is nonunimodular and H = Ker Ac it follows that H is unimodular and 
that H is noncompact. Indeed if H would be compact, we have a{g) = 1 for all g S G and also 
Aqih = 1 because G/H is abelian. So ()4.7p would then imply that G is unimodular. 

We next prove 3 and 4 in the special case where also G/H is unimodular. So fix a unimodular 
Icsc group G and a closed normal subgroup H <\ G. Assume that G/H is unimodular and 
assume that H is noncompact. Note that both in 3 and 4, we assume that I3^2)i^) — 0> 
that H is indeed noncompact because of 1. By Remark 11.11 we can choose a free mixing pmp 
action G r\ (X, /i). Similarly choose a free ergodic pmp action G/H r\ {X',fi'). Denote 
by vr: G — )• G/H the quotient homomorphism and define the action G r\ X x X' given by 
g ■ (x, x') = {g -x, TT{g) ■ x'). We write {X'\ n") := {X x X', /i x /i'). Since G r\ {X, /x) is mixing 
and G/H r\ {X' ,^') is ergodic, the action G r\ {X",n") is ergodic as well. Since the action 
G r\ {X,fi) is mixing and H is noncompact, the restricted action H r\ {X,fj,) is still ergodic. 

Choose a cross section Y C X for the action H r\ {X, /i) and denote by TZ the associated cross 
section equivalence relation. Choose a cross section Y' C X' for the action G/H r\ {X',fj,') 
and denote by TZ' the associated cross section equivalence relation. We claim that Y" := Y xY' 
is a cross section for the action G r\ {X",fj,"). To prove this claim, choose a neighborhood U 
of e in H such that the action map U x Y X is injective. Also choose a neighborhood W 
of eH in G/H such that the action map W x Y' ^ X' is injective. Take a neighborhood U" 
of e in G such that tt(U) C W and such that H n {W'Y^U" CU. It follows that the action 
map U" X Y" — > X" is injective. Indeed, if g,k & U" and g ■ (x, x') = k ■ (y, y') for some (x, x'), 
(y,y') in Y", we first conclude that 7r(g) • x' = ^{k) ■ y' . Since 7r{g),TT{k) G W, it follows that 
Tr{g) = Tr{k) and x' = y'. So k = gh with h £ H D {U")~^ U" . So h^U. But also x = h ■ y, so 
that X = y and h = e. This proves the injectivity of the action map U" x Y" — )• X" . 

To conclude the proof of the claim, we have to show that G • Y" is conegligible in X" . Define 
Xo := H -Y. Then Xq is a conegligible Borel subset of X and Xq x Y' = H ■ Y" C G ■ Y". 
By the Pubini theorem, a.e. x € X has the property that g~^ ■ x € Xq for a.e. g £ G. Since 
Xq X Y' C G ■ Y" , we conclude that a.e. x G X has the property that 

(x, 7r{g) ■y')=g- {g^^ ■x,y')eG- Y" for all y' G Y' and a.e. g e G. 

Using (|4.1|) . it follows that a.e. x G X has the property that (x,x') G G • Y" for a.e. x' G X' . 
Again using the Fubini theorem, it follows that G • Y" is conegligible. So we have proven the 
claim that Y" is a cross section for the action G r\ {X",n"). 

Denote by TZ" the cross section equivalence relation on Y". Denote by 7^ x id the equivalence 
relation on Y" defined as {{{y,y'), {z,z')) G Y" x Y" \ {y,z) &TZ,y' = z'}. Define the map 

^■.TZ"^TZ':j{iy,y'),iz,z')) = iy',z'). 
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Then 7 is a surjective homomorphism of equivalence relations and the kernel of 7 is given 
hy TZ X id. Moreover, since TZ is an ergodic equivalence relation, 7 is strongly surjective in 
the sense of |ST071 Definition 3.7]. In |ST071 Theorems 1.3 and 1.5], it is shown that the 
equivalence relation version (even discrete measured groupoid version) of properties 3 and 4 
holds for strongly normal sub equivalence relations. So by the above construction, properties 3 
and 4 hold whenever G/H is unimodular. 

We finally deduce the general case. We still denote by vr : G — )• G/H the quotient homo- 
morphism. Denote Go := Ker{AQ/jj o vr). Then H <] Gq is a closed normal subgroup and 
Gq/H = Ker Aq/jj is unimodular. Also Go <l G is a closed normal subgroup and the quotient 
G/Gq is abelian, hence unimodular. If j3'^^~^{H) = for all ^ n ^ d, we apply twice the 
already proven special case of property 3 and conclude that (G) = for all ^ n ^ d. 

Finally assume that /3|^^(//) = for all ^ n ^ d and that /3^2)^(-ff) < 00. Also assume 
that G/H is noncompact and nonunimodular. As we explained just after (j4.7p . it follows that 
Gq/H is noncompact and unimodular. So by the already proven special case of 4, we get that 
'^(2)(^o) = for all ^ n ^ d + 1. Then applying property 3 to the normal subgroup Go of G, 
we conclude that P}^2)('^) = for all ^ n ^ d + 1. □ 

4.7. Proof of Corollary [D] 

Proposition 4.6. Let G be a Icsc unimodular group and G r\ {X,fj,) an essentially free ergodic 
pmp action. Let Y C X be a cross section and denote by TZ the cross section equivalence 
relation. If G is compactly generated, then TZ has finite cost in the sense of \Ga99[ Definition 
L5j. In particular, j3]^2){G) < 00. 

Proof. Fix an essentially free ergodic pmp action G r\ {X^jj). By [Ga99l Invariance II. 2], the 
cost of an ergodic countable pmp equivalence relation is preserved under stable orbit equiv- 
alence. So using Proposition \^.2>\ it suffices to prove the proposition for a cocompact cross 
section Y <Z X. Discarding a G-invariant Borel set of measure zero, we may assume that there 
exists a compact subset K C G such that K ■ Y = X . 

Take a compact subset G C G that generates G as a group. Take G such that G = and 
put L = K~^GK. Since L is compact. Lemma provides us with a finite subset F C [[H]] 
satisfying Y r\{L ■ y) <Z J- ■ y for all y ^Y . We prove that is a graphing for TZ, meaning that 
for all (y, z) G TZ, there exist (/?!,..., ipm G T such that y = {ipm o ■ ■ ■ o ipi)(^z). To prove this 
statement, fix {y, z) € TZ. Since G is generated by G and G = G~^, take gi, . . . ,gm G G such 
that y = {g„i ■ ■ ■ gi) ■ z. Since X = K - Y , we can take hi, ... , hm-i G K such that 

Zi := h~^ ■ {{gi ■■■gi) ■ z) belongs to Y . 

Put /lo = hm = e and put zq = z, z^ = y. Finally put fcj := h^^ gihi^i, for all i = 1, . . . ,m. 
By construction ki ■ Zi-i = Zi for all z = 1, . . . , m. Since ki & L and Zj-i, Zi G Y, we can take 
ipi & T such that Zi = ipi{zi-i). We have proven that y = {ipm o ■ ■ ■ oipi){z). So J-" is a graphing 
for TZ. 

Since J- is a, graphing for TZ and since is a finite set, it follows that TZ has finite cost. 

We finally deduce that l3^2)iG) < 00. If G is compact, then ^'^^^{G) = by Theorem O If G is 
noncompact but compactly generated, we know from Proposition 14.31 that TZ has infinite orbits 
a.e. and we proved above that TZ has finite cost. Using |GaOH Corollaire 3.23], we get that 

pf\TZ) ^ pf\TZ) + cost(7^) - 1 = cost(7^) - 1< 00 . 
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Theorem |X] then imphes that < oo. □ 

It is now immediate to deduce Corollary iDl from Theorem ICl 



Proof of Corollary O Since H is noncompact and compactly generated, it follows from Propo- 
sitions and HTG] that f3^^-^{H) = and /S^^)^^) < Since G/H is noncompact, it follows 
from Theorem O that /3L(G) = 0. □ 



Appendix A. Some dimension theory for Af -modules 

Let (M, r) be a von Neumann algebra with separable predual equipped with a faithful normal 
tracial state. Any separable Hilbert M-module H is isomorphic with p(£^(N)<8>-L^(M)) for some 
projection p S B(£^(N)) (8) M that is uniquely determined up to equivalence of projections. 
The Murray- von Neumann dimension of the Hilbert M-module H is defined as (Tr(8>r)(p). 
Following Liick, see |Lu97j or |Lii02l Section 6.1], an arbitrary (algebraic) M-module H has a 
dimension dimj\,f H defined by the formula 

dimjvf H := sup{(Tr (d)T){p) \ p € M„(C) (g) M is a projection and there exists 

an injective M-linear map p(C" (8" M) — )• H} . 

The three basic properties of Liick's dimension function are given in the following theorem. 

Theorem A.l. The dimension function dimjvf satisfies the following properties. 

1. ( lLu02[ Theorem 6.24]) Por every projection p € B(£^(N)) (8 M , Luck's dimension coin- 
cides with the Murray-von Neumann dimension, i.e. 

dimM(p(^^(N) ®l2(M))) = (TY(8r)(p) . 

2. ( ]LuO^ Theorem 6.7])If0^K—^H^L—^0isan exact sequence of M -modules, then 
dim^vf H = dimjvf K + dimj;/ L. We refer to this as the rank theorem. 

3. f\Sa03[ Theorem 2.4]) An M-module H has dimjv/ H = if and only if for every ^ € H 
and every e > 0, there exists a projection p (z M with t{p) > 1 — e and ^p = 0. 

We need several other properties of the dimension function dim^- For the convenience of the 
reader, we provide detailed arguments. 

Throughout this appendix, we fix a von Neumann algebra M with separable predual equipped 
with a faithful normal tracial state r. 



5.1. Generalities 

Definition A. 2. Let H be an M-module and Hq C H an M-submodule. We say that Hq is 
rank dense in H if for every x G H and every e > 0, there exists a projection p £ M with 
t{p) > 1 — e and xp € Hq. 

We say that an M-module H is of rank zero if for every x £ H and every e > 0, there exists a 
projection p £ M with t{p) > 1 — e and xp = 0. 

Let K, H be M-modules and T : K H an M-linear map. We call T an isomorphism in rank 
if Ker T is an M-module of rank zero and if Im T is rank dense in H. 
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Using Theorem lA.ll one immediately gets the fohowing result. 
Proposition A. 3. The dimension function satisfies the following properties. 

1. If Hq C H is a rank dense M-suhmodule, then dmiM Hq = dmiM H ■ 

2. If T : K H is an isomorphism in rank, than dimjv/ K = dim^f H . 

Definition A. 4. A Hilbert M-module H is said to be finitely generated if there exist finitely 
many ^i, . . . , ^„ € such that ^iM + • • • + (,nM is dense in H. Equivalently, H is isomorphic 
with p(C" (g) L2(M)) for some projection p E M„(C) (g) M. 

Lemma A. 5. Let H be a finitely generated Hilbert M-module and K <Z H an M-suhmodule. 
If K is dense in H, then K is rank dense in H. 

Proof. Replacing M by M„(C) (8) M, we may assume that H = pL'^{M) for some projection 
p G M. Define 

P := {a G pM+p | aM C K} . 

Whenever £ K and pk equals the spectral projection X{i/k,k){(,(,*)j we have pk^, G M and 
hence ^^*pkM C K. Since (,(,*pkM = pkM, we get that pk £ V. If /c — )• oo, then pk increases 
to the left support projection of ^. Further, V is closed under sums and under taking spectral 
projections X{i/k,k){a)- 

Using this, we first show that p can be approximated in the strong operator topology with 

projections from V. Since K is dense in H, we can find a sequence G K such that — 

p\\2 — > 0. Denoting by g„ the left support of we have p = Vnqn and, by what was just 

proven, each g„ is a countable union of projections from V. It therefore suffices to show that 
SOT 

n V • • • V Tfc G Proj('P) whenever ri, . . . , G Proj('P). But 

n V • • • V rfc = left support of ri H h = lim X(i/m,m){ri H h r^). 



so ri V • • • V r,fc G Proj('P) as desired. We may therefore choose a sequence of projections 
Pk converging strongly to p. 

Choose r] £ H and s > 0. Take a projection qq £ M such that r(go) > 1 — e/2 and r]qo G M. 
Take k large enough such that t{p — p^) < e/2. Denote by qi the right support projection of 
{P - Pk)r]Qo- Then qi ^ qo and T{qi) ^ r(p - pk) < e/2. Put q = q^ - qi. Then r(g) > 1 - e. 
By construction {p — Pk)f1Q = 0) so that rjq = Pki]q and hence rjq £ K. □ 

We now prove several elementary lemmas in preparation for Proposition I A. 13) 

Lemma A. 6. Let H be an M-module and Kn C Hn C H sequences of M-submodules. If 
is rank dense in Hn for all n, then Q^i^n is rank dense in [\^Hn. 

Proof. Take x G Hn ^"^^ choose e > 0. For every n G N, take a projection pn £ M with 
T{pn) > 1 — £2"""-'^ such that xpn £ Kn. Put p = f\nPn and note that r(p) > 1 — e. Then 
xp £ Kn for all n, so that xp £ P|„ Kn. □ 

The following lemma is a special case of [Lu021 Theorem 6.18], which is stated without proof 
in [Lu02j . Therefore we provide the details here. 
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Lemma A. 7. Let H be an M -module with diniAf H < oo. Let C H be a decreasing sequence 
of M-submodules. Then, 

diniA/ (^Pl = lim(dimAf Kn) . 

n 

Proof. Put K := f]^Kn- Note that dimj\,f is a decreasing sequence. Denote its limit by a. 
Since diniAf-f^^ ^ diuiM Kn for all n, we have dimM K ^ a. We need to prove the converse 
inequality. 

We first prove the converse inequality when H is the finitely generated Hilbert M-module 
piC'' (g) L'^{M)). Then cl(K„) = qn{C^ ® L'^{M)), where g„ G p(Mfc(C) (S) M)p is a decreasing 
sequence of projections. By Lemma [A. 5 1 we have that dirxiM Kn = (Tr (8)r)(g„). Denote by 
q the strong limit of the decreasing sequence of projections Then a = (Tr(S'r)(g). By 
Lemma lA. 51 every Kn is rank dense in qn{C^ (S> L'^{M)). By Lemma lA.61 K is rank dense in 
g(C^ (g)L2(M)). Hence dimM K = (Tr0r)(g) = a. 

We now prove the converse inequality in general. Fix e > 0. Choose an injective M-linear 
map (f : p{C'' (8" M) — > H such that {Tt ^t){p) > dimM H — Denote Hq = Imtp. By the 
rank theorem, we have that dimM{H / Hq) < e. Again by the rank theorem, it follows that 
dimM{L n Hq) > dimjvf — e for every M-submodule L C H. Now ip~^{Kn) is a decreasing 
sequence of M-submodules of p(C^ M) with intersection ip~^{K). So by the case proven in 
the previous paragraph, we know that 

dimMif'^iK)) = limdimM(9'~n^r!,)) • 

n 

The left hand side equals dimM{KriHo) and the right hand side equals dimMiKnCi Hq). Since 

dimA/(i^„ DHq) > dimM Kn - e , 
we conclude that a — e ^ dim^/ K. Since this holds for every e > 0, we are done. □ 

Lemma A. 8. Let K, H be finitely generated Hilbert M -modules and Kn C K a decreasing 
sequence of closed M-submodules. Let T : K ^ H be a bounded M-linear operator. Then 
T{f]^Kn) is dense in f]^cl{T{Kn)). 

Proof. Replacing M by matrices over M, we may assume that K = pL'^{M), H = qL'^{M) and 
T G qMp. We have the decreasing sequence of projections Pn ^ P such that Kn = PnL'^{M). 
Denote by poo the strong limit of pn and note that f]^Kn = PooL'^(M). Define g„ as the 
left support projection of Tpn- Since the sequence p„ is decreasing, also the sequence qn 
is decreasing and we denote its limit by goo- By construction, cl(T(K„)) = qnL'^{M) and 
P|^cl(r(K„)) = qooL'^{M). We must prove that the left support projection of Tpoo equals q^o- 
Denote this left support projection by e. Clearly e ^ goo- Put f = qoo — e. Since the left 
support of Tpn equals qn and since f ^ qn, we have that the left support of fTpn equals /. 
On the other hand, fTp^o = 0, implying that fT{pn — Poo) = fTpn- We conclude that the left 
support of fT(j)n — Poo) equals / for all n. Hence, r(/) ^ — poo) — ^ 0. It follows that 
/ = 0, so that e = goo- D 

5.2. Inverse limits in a weak sense 

Lemma A. 9. Let H be an M-module and Hn C H a decreasing sequence of M-submodules 
with Pl^ Hn = {0}. Then the sequence dimM{H / Hn) is increasing and its limit equals dim^/ H . 
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Proof. Since for n ^ m, the natural map H/Hn — >■ H/Hm is surjective, it fohows from the rank 
theorem that d\mM{H / Hn) ^ (MmM{H / Hm)- So (MmM{H / Hn) is an increasing sequence (in 
[0, +00]) and we denote its limit by r. Since the natural map H — > H/Hn is surjective, it also 
follows from the rank theorem that d\m.M{H / H^) ^ dim^/ H for al n, and hence r ^ dim^f H. 

Conversely assume that p G Mjt(C) M is a projection and if : p{C^ (8) M) — )■ is an injective 
M-linear map. It remains to prove that (Tr(8)T)(p) ^ r. The M-submodules ip~^{Hn) form a 
decreasing sequence whose intersection equals {0} by the injectivity of ip. By Lemma lA.71 we 
get that diuiM {Hn)) — > 0. Denote by 7r„ : — )• H/Hn the quotient map. By the rank 
theorem, 

(Tr 0t)(p) = dimM(p(C'= (g) M)) = diuiMif'^Hn)) + dimM(Im(7r„ o ip)) . 
Hence, dimjv/(Ini(7r„ o 0)) — )■ (Tr(g>T)(p) as n — >■ 00. Since 

dimM(Im(7r„ o ip)) ^ dimuiH / Hn) ^ r 
for all n, we conclude that (Tr(g)T)(p) ^ r. □ 

Lemma A. 10. Lei H he a Hilhert M -module and K C H a dense M-submodule. Then 
dimM H = dim A/ K. 

Proof. Write H = p{f{N) L^(M)) for some projection p G B(^^(N)) ^ M. Choose an 
increasing sequence of projections pn G B(£^(N)) (8" M such that Pn ^ P, Pn ^ P strongly 
and such that for every n, the center valued trace of p„ is bounded. This means that Hn '■= 
p„(£^(N) (8)L^(M)) is a finitely generated Hilbert M-module for every n. Write ipn '■ H ^ Hn ■ 
^n{0 = PnC- Then K n Ker(/?„ is a decreasing sequence of M-submodules of K with trivial 
intersection. By Lemma [A. 9 1 we get that diuiM K = limn diniM ^niK) . Since K is dense in 
i?, we get that ipn{K) is dense in Hn- By Lemma [A. 5 [ 

we get that ipn{K) C Hn is rank dense. Hence, 

dimM (pn{K) = diuiM Hn = (Tr ®t)(p„) ^ (Tr (g)r)(p) = dimA/ . 
So we have proven that dimM K = dim^/ H. □ 

Lemma A. 11. Let H be an M-module and Hn a sequence of Hilbert M-modules. Let ipn '■ 
H Hn be M-linear maps such that Ker ipn is a decreasing sequence of M-submodules of H 
with Pl^Kerc^n = {0}. Then, 

dimM H = limdimM(cl(v?n(-ff))) • 

n 

Proof. The lemma is an immediate consequence of Lemmas IA.9I and Lemma lA.lOl □ 
5.3. Inverse limits in a strong sense 

An inverse system of Af -modules consists of a sequence of M-modules Hn and, for every k ^ n, 
an M-linear map 7r„_fc : Hi^ Hn such that 7r„_fc o n^^ni = '^n,m- The inverse limit l^m Hn of 
the inverse system is the M-module H consisting of all sequences with x„ € Hn for all n 
and '7Tn,kixk) = Xn for all k ^ n. We denote by tt^ : — ?> Hn ■ 1-^ x„ the natural M-linear 
map from Ti to Hn- 
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An inverse system of Hilbert M-modules is an inverse system in which ah the Hn are Hilbert 
M-modules and where the Trn,k are bounded M-linear operators. Then ^m Hn naturally is a 
Prechet M-module. 

We need the following result from [CG85] . For this result to be true, it is crucial that the 
Hilbert M-modules Hn are finitely generated. 

Proposition A. 12. Let TTn^k '■ H^ —?■ Hn be an inverse system of finitely generated Hilbert 
M-modules with inverse limit Ti = ]^mHn- Then 

1. dnnm Lemma 2.1]) c\{-Kn{H)) = f| c\{^n,k{Hk)) ■ 

k^n 

2. ffLiJM Theorem 6.18]) dimM^H = lim ( lim dimAf(cl(7r„ fcfi^fe)))) . 

Proof. The first statement is exactly |CG851 Lemma 2.1]. In combination with Lemmas I A. 71 
and I A. in it also implies the second statement. □ 

The following result can be deduced from the self-injectivity of the algebra Ai of operators 
affiliated with M and from the fact that dualizing 7W-modules preserves the dimension (see 
|Th061 Corollary 3.4]). For the convenience of the reader, we show how to deduce the result 
from the above more elementary results. 

Proposition A. 13. Let pn^k ■ — > Kn and'Kn,k '■ Hk — Hn be two inverse systems of finitely 
generated Hilbert M-modules with inverse limits 

fC = ^m Kn and % = ^m Hn . 

Assume that Tn ■ Kn — )• Hn is a sequence of bounded M-linear operators satisfying T„ o pn^k = 
'^n,k ° Tk for all k ^ n. Denote by T : tC ^ Ti the unique continuous M-linear operator that 
satisfies TTn o T = Tn o pn for all n. Then the natural M-linear maps 

n n Hn 

r(/C) ~^ Cl(r(/C)) ~^ ^d{Tn{Kn)) 

are isomorphisms in rank. 

Proof. Claim 1. Assume that dim^,/ Hn ^ 1 and that T„(i^„) is dense in Hn for all n. Then 
T(/C) is rank dense in H. 

Fix n € N. By Proposition I A . 1 2} we have that 

cl{pn{JC)) = fl cl{pn,k{Kk)) . 

k^n 

Applying T„ and using Lemma [A. 81 we get that 

cl(r„(p„(/C))) = fl diTnipn,k{Kk))) . (A.2) 

k^n 

The left hand side of ()A.2p equals cl(7rn(T(/C))). Using the density of Tk{Kk) in H^ and using 
again Proposition IA.121 the right hand side of (|A.2p equals 

fl d{T:n,k{Tk{Kk))) = n cl(7r„,fc(Ffc)) = cl(7r„(?{)) . 

k^n k^n 
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So we conclude that 

cl(^„,(T(/C))) = cl(7r„(?^)) for all n G N . 
Using Lemma lA.51 we get that 

diiRMMTilC))) = dimM(vr„(?^)) for all n G N . 

We let n tend to infinity. By Lemma lA.Q) the left hand side converges to dimjv/(r(/C)), while 
the right hand side converges to dimMi'H) and remains bounded by 1. So we get that 

dimM(T(/C)) = dimM(^) ^ 1 • 

It follows from Theorem I A. 1 1 that the quotient 'H/T{K,) has dimension zero, meaning that T{K,) 
is rank dense yq-T-L. So the first claim is proven. 

Claim 2. IfTn{Kn) is dense in Hn for all n, then T{IC) is rank dense in Ti. 

Fix X € n and e > 0. Define H'^ := cl(7r„(x)M) and Ti' = ^H^- We view H' as an M- 
submodule of H. Put K!^ := T~^{H'^) and K,' = \^K'^. We also view /C' as an M-submodule 
of /C. By the first claim, T(/C') is rank dense in %' . Since x G %' , we find a projection p ^ M 
with t{p) > 1 — £ and xp G T(/C'). So certainly xp G T(/C) and the second claim is proven. 

Proof of the proposition. Define Ln := cl(T„(i^„)) and view the inverse limit C := l^m Ln 
as a closed M-submodule of 7i. By construction, Tn{Kn) is dense in L„. So by claim 2, we get 
that r(/C) is rank dense in C It follows that 

n n n 



T(/C) cl(r(/C)) £ 

are rank isomorphisms. From claim 2, it also follows that the natural map Ti — t- l^m Hn/Ln 
has a rank dense image. Its kernel is by construction equal to C, so that the natural map 

is a rank isomorphism. 

□ 



5.4. Dimension theory for semifinite von Neumann algebras 

The Murray- von Neumann dimension of arbitrary (purely algebraic) modules over a tracial von 
Neumann algebra (M, r) was defined in |Lii97j . This was extended to the case of semifinite 
von Neumann algebras ( A^, Tr) in [Pel 11 Appendix B] . We give here a more direct approach to 
the results of |Pell) . 

We define the A'^-dimension of an arbitrary A^-module over a von Neumann algebra A^ equipped 
with a normal semifinite faithful trace Tr. In doing so, we systematically make use of the 
dimension of pA^p-modules, where p G A^ is a projection with Tr(p) < oo. We always implicitly 
equip pNp with the faithful normal tracial state t(x) = Tt{p)~^ Tr(x). 

Definition A. 14. Let (A^, Tr) be a von Neumann algebra with separable predual equipped 
with a normal semifinite faithful trace. For every A^-module H, we define 

dim^v H := sup{Tr(p) dimpNp{Hp) | p G A^ a projection with Tr(p) < oo} . 
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Definition I A. 141 is motivated by the following easy lemma, generalizing a fact noted in the proof 
of [CSM Theorem 2.4]. 

Lemma A. 15. Let (M, r) be a von Neumann algebra with separable predual equipped with a 
faithful normal tracial state. Let p G M be a projection with central support z G Z{M). Then 
for every M -module H , we have 

t{p) dimpMp{Hp) = dimM{Hz) . 

Proof. Denote by Tp the faithful normal tracial state on pMp given by Tp[x) = t{p)~^t(x). 
As explained in the beginning of this section, we always consider diiUpMp with respect to this 
tracial state. 

First assume that q € Mfc(C) (S) M is a projection and that ip : q{C^ (8) M) Hz is an injective 
M-linear map. Note that the injectivity of 99 forces q ^ l^z. The restriction of ip to q{C^ ®Mp) 
is an injective pMp-linear map into Hp. Hence, 

dirQ.pMp{Hp) ^ d\mpMp{q{C^ Mp)) . 

Since q ^1® z, the right hand side equals t(p)^^ (Tr(g>T)(g). Since this holds for all injective 
M-linear maps p, we get that 

d\m.pMp{Hp) ^ t(p)"^ d\m.M{Hz) . 

Conversely assume that q £ Mjt(C) 0pMp is a projection and that (/? : (^(Mfc i(C) ®pMp) — )■ Hp 
is an injective pMp-linear map. Define ^ G Mi^fc(C) (8) Hp given by 

fc 

C := eii 'p{q{eii ® p)) . 

Note that iq = i and (^(??) = ^t] for all r? G g'(Mfc_i(C) <^pMp). Define 

^:(7(Mfc,i(C)®M)^F: V(r?)=er/- 

Observe that takes values in Hz and that ip is an injective M-linear map. Hence, 

(TVOT)(g) ^ d].TnM{Hz) . 

The left hand side equals t{p) (Tr (g)rp)(g). Since this holds for all injective pMp-linear maps 
(p, we get that 

t{p) dim.pMp{Hp) ^ dimM(-H'^) • 

□ 

Lemma A. 16. Let (A^, Tr) be a von Neumann algebra with separable predual equipped with a 
normal semifinite faithful trace. Let H be an N -module. If pn is an increasing sequence of 
projections in N with Tr(p„) < 00 and such that the central supports Zn of Pn converge strongly 
to 1, then the sequence 

Tv{pn) d\m.p^Np^^{Hpn) is increasing and converges to dmiN H . 

In particular, if p £ N is a projection of finite trace and central support equal to 1, we have 
dim^v H = Tr(p) dimpj\fp{Hp) . 
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Proof, li p ^ p' are projections in N with Tr(p) ^ Ti{p') < oo, we apply Lemma lA. 151 to the 
von Neumann algebra p'Np'. Denoting by z the central support of p in N, we conclude that 

Tr{p) diuipNpiHp) = Tr(p') dimp,Np,{Hp' z) ^ Tr(p') dimp,j^^p,{Hp') . 

So the sequence in the formulation of the lemma is indeed increasing. Denote its limit by 
a £ [0, +cxj]. 

By construction, a ^ dim^v H. To prove the converse inequality, choose an arbitrary projection 
q Ei N with Tr(g) < oo. We must prove that Ti{q) dimqiyg{Hq) ^ a. Denote by z the central 
support of q in N. Put e„ := qVpn- Note that Tr(e„) < oo. Inside CnNcn, the central supports 
of pn and q are respectively equal to CnZn and CnZ. Applying twice Lemma fA. 151 it follows that 

Tr(p„) d\m.p^NpAHzpn) = Tr(e„) d\m.e„NeSHzZnen) = Tr(g) d\m.qNq{Hznq) ■ 

Since Hzpn C Hpn, the left hand side is smaller or equal than a. It remains to show that the 
right hand side converges to Tr(g) dimqiyq{Hq). 

Put Hq = {S^ £ Hq I ^Zn = for all n G N}. Since Zn is an increasing sequence of projections 
that strongly converges to 1, we have by construction that Hq is a qNq-m.odvle of rank zero. 
Hence, d\m.qi<[q[Hq) = d\m.qNq{Hq/ Hq). Using the surjective qNq-Wneai maps 

Hq 

— HZnq --C^^Zn, 
Hq 

it follows from Lemma [A. 91 that dimqj\fq{Hznq) — > dm\qNq{Hq/ Hq). □ 
It is now easy to prove the semifinite version of Lemma lA.llI 

Lemma A. 17. Let (A^, Tr) he a von Neumann algebra with separable predual equipped with 
a normal semifinite faithful trace. Let H be an N -module. Assume that Hn is a sequence of 
Hilbert N -modules and that ipn '■ H Hn are N -linear maps such that Ker cpn is a decreasing 
sequence of N-submodules of H with f^^Ker ipn = {0}. Then 

dim^r = limdimAT cl(99n(-f^)) • 
n 

Proof. Choose an increasing sequence of projections pk N such that Tr{pk) < oo for all k and 
such that the central supports z^ of pk converge strongly to 1. Consider the double sequence 
Oin,k '■= Tr(pfc) dimpj,7Vps. (cl((/?n(-ff))Pfc)- For fixed n and increasing k, by Lemma [A.16t the 
sequence an,k is increasing and converges to diuiN cl{ipn{H)) . 

For fixed k and increasing n, we apply Lemma [A. Ill to PkNp^ and the restriction of to Hp^, 
and conclude that an,k is increasing to the limit Tr(pfc) dinip^Np^ Hpk. When /c — )• oo, this last 
sequence increases to dimj^i H by Lemma lA.161 In combination with the previous paragraph, 
the lemma is proven. □ 

Appendix B. Properties of cross section equivalence relations 

In this section we prove the "folklore" Proposition 14.31 We do not claim any originality, but in 
order to keep our article as clear and self-contained as possible, we give a detailed argument. 
The construction of the invariant probability measure v on the cross section equivalence relation 
7^ is a very special case of Connes's transverse measure theory, see |Co79j and |ADR00l Ap- 
pendix A.l]. In particular, point 171 of Proposition !^^ is a very special case of |ADROO( Theorem 
3.2.16]. Nevertheless we think that the following explicit and direct approach is useful. 
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We need to introduce a bit of terminology from the theory of countable equivalence relations. 

Let 7^ be a countable pmp equivalence relation on the standard probability space {Yji'). A 
(right) Borel action of 7^ on a standard Borel space Z consists of Borel maps it: Z Y and 

a: Z Z where Z = {{z,y) £ Z x Y \ {TT{z),y) e TZ} (B.l) 

satisfying TT{a{z,y)) = y, a{z,TT{z)) = z and a{a{z,y),y') = a{z,y') whenever {z,y) £ Z and 
{y,y') € TZ. For every ^p G [[7^]] and every z £ Z with tt{z) G -R(V')) we denote z ■ il) := 
a{z,il)~''^{T:{z))). In this way, [[7^]] acts on the right on Z. 

If we are moreover given a cj-finite measure r/ on Z, we say that the action is nonsingular if 
r]{7r~^{A)) = whenever i'{A) = and if for every tp € [[7^]]) the partial bijection z i-^ z ■ is 
nonsingular. We then have a right action of [[7^]] on L°°(Z) given by 

{a ■ ip)iz) = a{z ■ ip~^) for all a G L°°(Z), V G [[7^]], z G Z . 

We say that a nonsingular automorphism 5 of {Z, rf) commutes with the action of 7^ on (Z, rj) 
if 'k{6{z)) = -K^z) for all z £ Z and if a{5{z)^y) = 6{a{z,y)) for all {z,y) £ Z. 

Following [CFW811 Definition 6], we say that TZ is amenable if there exists a (typically non- 
normal) conditional expectation P: L°°(JZ) — > L°°(Y) satisfying P(V' ■ /) = "0 " (/) ^or all 
/ G L°°(7^) and all tp £ [[TZ]]. Here we used the natural left actions of 7^ on 1" and on TZ. We 
call P a left invariant mean on TZ. 

Lemma B.l. Let TZ be an amenable countable pmp equivalence relation on the standard prob- 
ability space (Yji'). Assume that we are given a nonsingular action of TZ on the standard 
measure space {Z,r]). Denote by L°°{Z)'^ the von Neumann subalgebra of L°°(Z) consisting 
of the TZ-invariant bounded measurable functions. Then there exists a (typically non-normal) 
conditional expectation 

Q: L'=^{Z) L°°{Z)'^ 

satisfying 5^ o Q = Q o S-t for every nonsingular automorphism 5 of {Z, rj) that commutes with 
the action ofTZ. 

Proof. Define Z as in (|B.ip and equip Z with the cj-finite measure given by integrating w.r.t. r/ 
the counting measure over the map Z ^ Z : {z,y) ^ z. Every normal conditional expectation 
E: L°°{Z) — )• L°°(y) uniquely extends to a normal conditional expectation 8: L°°{Z) — )■ 
L°°(TZ). Fix a left invariant mean P: L°°{TZ) — )• L^(Y). We claim that there is a unique 
conditional expectation 

V : L°°[Z) L°°{Z) satisfying Eop = Po£ (B.2) 

for every normal conditional expectation E: L°^{Z) — )■ L°°{Y). To prove this claim, first fix 
a faithful normal conditional expectation Eq: L°°{Z) — )• L°^(Y). Denote by r the state on 
L°°(y) given by integration w.r.t. v. Denote f = toEq. Using the Cauchy-Schwarz inequality, 
we find a unique conditional expectation T^ : L°°[Z) — )• L°°{Z) such that 

f{b*V{a)c) = {toPo SoWac) for all a £ L^{Z) , b,c£ L°^{Z) . 

By construction, EqoT' = P oEq. li E \s another normal conditional expectation and E ^ 2Eq, 
there is a positive a £ L°°{Z) with ||a|| ^ 2 and E{f) = Eo{af) for ah / G L°°{Z). It 
follows that £{f) = £o{af) for all / G L°°(Z) and hence E o V = P o £ . If is an arbitrary 
normal conditional expectation, put Ei = [Eq + E)/2. Then Ei is a faithful normal conditional 
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expectation and we find a unique Vi satisfying EioVi = P oSi. Since Eq ^ 2Ei , we also fiave 
EooVi = Po So. Hence Vi = V. Since ^ ^ 2^i, we liave EoVi = Po£. Since Vi = V, we 
liave proven tliat V satisfies (jB.2p for every normal conditional expectation E. 

Considering the right action of [[7^]] on L°°{Z) given by 

(a • Tp){z,y) = a{z ■ il)^^ ,y) , 

we claim that V{a ■ ip) = V{a) ■ for all a G L°°{Z) and V G [[R]]- Since V is L~(y)-linear, 
it suffices to prove this formula for ip G [TZ]. Whenever E: L'^{Z) — )• L°°{Y) is a normal 
conditional expectation and tp G [7^], also E^{a) = E{a ■ ip^^) • '0 is a normal conditional 
expectation. 

We similarly define V^p by the formula V^{a) = V{a ■ • ip- Since the unique normal 

conditional expectation of onto L°°[1Z) extending E^ is given by the formula 

£^{a) = ■ £{a ■ ip'^) , 

we get that 

E{V^{a)) = E{V{a ■ V"^) • V) = {{E^^^ oV){a- ^-^)) ■ ^ 

= {{P o ^^,-0(a • r^)) ■iP = P{^P- £{a)) ■ip = ip-'- P(V • £{a)) = P{£{a)) . 

So we get that E o = P o £ for all normal conditional expectations E: L°°{Z) — ?> L°°(Y). 
Hence = V and the claim is proven. 

We define the conditional expectation Q: L°°[Z) L°°[Z)^ given by 

Q{a)=V{h) where h{z,y) = a{a{z,y)) . (B.3) 
Since 6 • V = & for aU V G [[H]], we indeed have that Q{a) G L~(Z)^. 

Finally take a nonsingular automorphism 5 of (Z, rf) that commutes with the action of TZ. The 
"functoriality" of the above construction of Q ensures that 5^ o Q = Q o 5^. □ 

6.1. Proof of Proposition 1331 

Proof of [1]. Fix a cross section Y <Z X and a neighborhood U C G of e such that 6: U xY ^ 
X : {g,y) ^ g ■ y \s injective. Write W :=U - Y. Define 7^ as in[TJ Then TZ is an equivalence 
relation on Y . Since 6 is injective, the map GxY ^ X : {g^y) i— > g-y is countable-to-one. Define 
the Borel maps ^ : GxY ^ XxY and vr^ : X x y ^ X as in[21 Since ttio'^ is countable-to-one, 
also ^ is countable-to-one. So Z = Im\I' is a Borel set. Then also 7^ = Z fi (y x y) is a Borel 
set, meaning that 7^ is a Borel equivalence relation. We get as well that TZ Y : {y,y') y is 
countable-to-one. So 7^ is a countable Borel equivalence relation on Y. This proves [H as well 
as the facts that Z is a Borel set and that vr^ : Z ^ X is countable-to-one. 

Proof of [21 To prove the other statements of the proposition, we may discard a conegligible 
G- invariant Borel subset of X and assume that G acts freely on X and that G - Y = X . Define 
the (T-finite measure 77 on Z as in [2l Since /U is invariant under G r\ X, the measure r] is 
invariant under the action G r\ Z given by g ■ {x,y) = (g ■ x,y). Since the action G r\ X is 
free, ^':GxX— T-Zisa bijection. So, (^^^)*(?7) is a G-invariant measure on G x y. By 
the uniqueness of the Haar measure, there exists a unique cr-finite measure vi on Y such that 
^'^.(A X ui) = T]. Since tt^ o^> is injective on W x y, we get that XiU) viiY) = ^liU ■ Y). In 
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particular, A(ZY) and i^i{Y) are finite. Putting covoiy := \{U)/ ^{U ■ Y) and v := covoiy • z/i, 
we have proven [2j 

Proof of [3] and 14]. Take another cross section Y' d X (and for the proof of [3l we wih later 
take Y' = Y). Define the equivalence relation TZ\ the probability measure u' and the Borel set 
Z' as in[2j Define 

5:={(y,y')erxy'|yGG-y'}. 

Since S = Z' r\{Y x Y')^ we get that 5 is a Borel set. We denote by vr^ : 5 — )• 1" and vr^ : 5 — )• 1"' 
the projections on the first, resp. second coordinate. Both projections are countable-to-one and 
we define the cr-finite measure 7^ on S by integrating w.r.t. v the counting measure over the 
map 7r£. We similarly define by integrating w.r.t. v' the counting measure over vTr. We claim 
that 

covol(y)"^ • 7^ = covol(y')"^ • 7^ . (B.4) 

To prove this claim, we define 

Z:={{x,y,y')dX yiY yiY' \ G ■ x = G ■ y = G ■ y'} , 
^i: G X S ^ Z : {g,y,y') = {g ■ y,y,y') and 
^2: G X S ^ Z : {g,y,y') = {g ■ y',y,y') . 

Denote by vr^ : Z ^ X the projection on the first coordinate. Denote by p the cr-finite measure 
on Z given by integrating w.r.t. /u the counting measure over tt£. Using the intermediate 
projection ^ — )• Z — t- X on the first two coordinates and using the fact that ^*(A x z^) = 
covol Y ■ T], we get that 

($i)*(Ax7£) = covoiy- p. (B.5) 
Similarly using the intermediate projection on the first and third coordinate, we get that 

(^2)*(Ax7^) = covoiy'-p. (B.6) 

Since G acts freely on X, we can uniquely define the Borel map Q : S G satisfying 

^{y, y') -y' = y for ah (y, y') gS . 

We then note that $1 = $2 ° C where ({g, y, y') = {g^{y, y'),y, y')- Since G is unimodular, the 
map C preserves the measure A x 7^. So (jB.Sp and ()B.6p imply that ()B.4p holds. 

End of the proof of [51 In the particular case where Y = Y' , equation (jB.4p precisely says 
that TZ preserves v. So [3] is proven. 

End of the proof of |4l Fix an arbitrary nonnegligible G-invariant Borel subset Xi C X. Put 
yi = Xi n y, Y{ = Xi n y and 5i := 5 n (Xi x Xi). By [21 we have v{Yi) > and iy'{Y{) > 0. 
So jiiSi) > 0. Since both vr^: 5i ^ Yi and Tr^: 5i — > Y( are countable-to-one and surjective, 
we can choose a Borel subset 52 C Si with 7^(52) > such that the restrictions of vr^ and vr^ 
to 52 are injective. We put y2 := TTi{S2) and Y2 := Trr{Si). We define the bijective Borel map 
a2- Y2 ^ Y2 such that Q2 o vr^ = vr^ on ^2 . By ()B.4p , we have 

covoiy , 

By construction, Q2 is an isomorphism between the restricted equivalence relations T^iy^ and 
V 
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Also note that by O the set X2 = G ■Y2 = G ■Y2 is a nonneghgible G-invariant Borel subset 
of Xi. Therefore by a maximahty argument, we can find a Borel subset Sq <Z S such that the 
restrictions of vr^ and vr^ to Sq are injective and their respective images Yq and Yq satisfy 

G-Yq = G-Y^ and ^(X -G-Yq) = fi(X -G-Y^) = 0. 

We define the bijective Borel map a: Yq ^ Yq such that a o tt£ = iTr- Then a satisfies all the 
conditions in HI 

Proof of O Since the map G x Y ^ X : {g,y) g ■ y is countable-to-one and surjective, 
it admits a Borel right inverse x 1— )• ((^(x), 7r(x)). Then note that a Borel map F: X — )• C is 
G-invariant if and only if it is of the form Fq o n for some 7^-invariant Borel map Fq: y — )■ C. 
From this, [5] follows immediately. 

Proof of [6l If G is compact, one checks that TZ has finite orbits. Conversely assume that 
Iq C y is a nonnegligible subset such that every y £ Yq has a finite orbit under TZ. Choose a 
fundamental domain Yi for the equivalence relation TZ fl (Yq ^Yq). So Yi C y is nonnegligible 
and has the following property: if y, y' G Yi and {y, y') S 7^, then y = y' . Choose a compact 
neighborhood K oi e such that K CU. Define Wi := K -Yi. From ()4.2p . we know that Wi is a 
nonnegligible subset of X. We prove the following claim: if 5 E G and if g ■ Wi H Wi ^ 0, then 
g € KK^^. To prove this claim, assume that g £ G, x G Wi and g ■ x £ Wi. Take h,h' £ K 
and y, y' £ Yi such that x = h-y and g • x = h' -y'. It follows that {y, y') £ TZ and hence y = y' . 
Since G acts freely on X, it then follows that gh = h' , so that indeed g £ KK~^. 

Since is a probability measure and since Wi C X is nonnegligible, we can take a finite 
sequence of elements gi, . . . , gn £ G that is maximal with respect to the property that the sets 
(fffc ■ VVi)fc=i,...,n are disjoint. Using the claim in the previous paragraph, it follows that 

n 

G = U gkKK-' 

k=l 

SO that G is compact. This ends the proof of El 

Proof of O Consider as above the measure space {Z,ri), together with the left action of G 
given by g ■ {x,y) = {g ■ x,y) and the right action of TZ given by a{x,y,y') = {x,y') for all 
(x, y, y') £ Z where 

Z = {(x, y,y')£XxY xY\G-x = G-y = G-y'] . 

Note that these actions commute. First assume that G is an amenable Icsc group. Integrating 
over an invariant mean on G, we obtain a (non-normal) conditional expectation Q: L°°(Z) — > 
L'^iZf satisfying Q{a-tp) = Q{a)-tp for all a £ L'^iZ) and all ip £ [[TZ]]. Using gl]), it follows 
that L°°{Z f = L~(y), where we view L°°(Y) C L°°{Z) as functions that only depend on the 
second variable. To deduce that TZ is amenable, choose a Borel right inverse x 1-^ 7r(x)) 
for the countable-to-one and surjective Borel map G xY X : {g,y) g ■ y. Make this choice 
such that ip{g ■ y) = g and ^{g ■ y) = y for all g £ U and y £ Y. Note that vr: X ^ y is a 
factor map, so that we can define the factor map Z ^ TZ : {x,y) (7r(x),y). This factor map 
induces an inclusion L°°{TZ) L°°[Z). The composition with Q yields a right invariant mean 
on TZ, i.e. a conditional expectation P : L°^{TZ) — )• L°°{Y) satisfying P{a ■ ip) = P{a) ■ for all 
a £ L°°(7^) and Tp £ [[7^]]. So TZ is amenable. 

Conversely assume that TZ is amenable. From Lemma IB. 11 we get a conditional expectation 
Q: L°°{Z) L'^iZ)'^ satisfying Q{g ■ a) = g ■ Q{a) for all a £ L°^{Z) and g£G. Note that 
L°°{Zy^ = L°°{X), where we view L°°{X) C L°°{Z) as functions that only depend on the first 
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variable. Composing Q with integration w.r.t. /x, we find a G-invariant mean on L°°{Z). Using 
the isomorphism ^ given by ()4.ip . we find a G- invariant mean on L°°{G x Y). The restriction 
to L°^{G) (8> 1 yields a left invariant mean on L°°{G) so that G is amenable. 

This concludes the proof of Proposition 14. 3i 
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